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Abstract

This report documents the empirical investigation of an open mathematical conjecture that
could not be formally proved or disproved in Lean 4 with Mathlib. Numerical experiments
were conducted to gather evidence for or against the conjecture. The empirical verdict is:
Empirically Supported. The conjecture remains formally open.

1 Conjecture Statement

Conjecture 1.:
## Theorem: Battery Inventory MDP - Optimal Base-Stock Policy

Consider a finite-horizon battery operation problem modeled as a stochastic
inventory system.

**Setup.** A battery with capacity B stores energy (state of charge b_t in
[0, B]). In each period t = 1, ..., T:

1. The controller chooses charging amount u_t in [0, min(U_maz, B - b_t)] at

cost lambda_t per unit (electricity price).

2. An outage occurs with probability p (Bernoulli), creating demand D_t =
delta_t * ell_t where delta_t ~ Bernoulli(p) and ell_t is the critical
load.

3. If outage occurs, the controller discharges d_t in [0, min(b_t + u_t,
U_maz)] to serve load, paying VOLL * (ell_t - d_t) ™+ for unmet load (
Value of Lost Load penalty).

4. State transitions: b_{t+1} = b_t + u_t - d_t (subject to [0, B] bounds).

**Bellman equation.** The cost-to-go V_t(b) satisfies:
V_t(b) = min_{0 <= u <= min(U_maz, B-b)} { lambda_t * u + (1-p) * V_{t+1}(
b+u) + p * Phi_t(b+u) }
where Phi_t(z) = min_{0 <= d <= min(z, U_maz)} [ VOLL * (ell_t - d) "+ + V_{t
+1}(z - d) ]
with terminal condition V_{T+1}(b) = 0 for all b.

**Assumptions.** lambda_t > 0, VOLL > 0, ell_t > 0, p in (0,1), U_maz > 0, B
> 0. All parameters are deterministic and known. The outage process {
delta_t} ts 4.%.d. Bernoulld(p).

**Proposition 1 (Value function structure).** Under the above assumptions,
for all t =1, ..., T:




(a) V_t(b) is convexz in b on [0, BJ.

(b) V_t(b) 4is nonincreasing in b on [0, BJ.

Proof is by backward induction on t. The terminal condition V_{T+1} = 0 4s
trivially convex and nonincreasing. The inductive step preserves
convexzity because the minimum of a convex function over a convezx

constraint set is convex, and VOLL * (ell - d) "+ 4is convez in d.
Nonincreasing follows because more stored energy can only reduce future
costs.

**Proposition 2 (Base-stock optimal policy).** Under Proposition 1, the
optimal charging policy %s of base-stock (order-up-to) type: there exzists
a time-varying threshold S_t in [0, B] such that the optim
[truncated]

2 Status

Formal Status: OPEN — no Lean 4 proof or disproof was found.

Empirical Verdict: Empirically Supported

The pipeline attempted formal verification in Lean 4 with Mathlib but was unable to produce
a compiling proof or disproof. Empirical testing was then conducted to gather numerical evidence.

3 Basic Empirical Testing

The following output was produced by the basic numerical experiment:

=== EXPERIMENT PLAN ===

We empirically test the Battery Inventory MDP conjecture's 4 propositions
by numerically solving the Bellman equation on a fine grid:

V_t(b) = min_{u in [0, min(U_max, B-b)]} {
lambda_t * u + (1-p) * V_{t+1}(b+u) + p * Phi_t(b+u) }
Phi_t(x) = min_{d in [0, min(x, U_max)]} { VOLL*(ell_t-d)~+ + V_{t+1}(x-d)
¥
V_{T+1}(b) = 0.

Tests performed:

Test A (Prop la) - Convexity of V_t:
Discrete second differences V_t[i-1] - 2 V_t[i] + V_t[i+1] >= 0 (with eps)

Tested across many random parameter regimes and all t.

Test B (Prop 1b) - Monotonicity (nonincreasing):
V_t[i+1] - V_t[i] <= eps for all i, t.

Test C (Prop 2) - Base-stock policy structure:
For each t, the optimal charging policy u*(b) should equal
min(U_max, (S_t - b)~+) for some threshold S_t. Equivalently:
- b + ux(b) is nondecreasing in b




- b + ux(b) is constant = S_t whenever the constraint U_max is not
binding
- u*x(b) = 0 once b >= S_t.
We compute S_t = max_b (b + ux(b)) and verify the policy structure.

Test D (Prop 3) - Newsvendor fractile (T=1):
Single-period closed form: x*x = ell if p > lambda/VOLL else x* = O.
We solve the DP with T=1 numerically and compare x* across many random
parameter draws.

Test E (Prop 4) - Comparative statics:
Sweep one parameter at a time and check that S_t is monotone:
(a) nondecreasing in p
(b) nondecreasing in ell_t
(c) nondecreasing in VOLL
(d) nonincreasing in lambda_t.

10000+ random parameter regimes are tested overall; results are aggregated
and plotted.

--—- Tests A,B: Convexity & Monotonicity over 250 regimes ---
Convexity violations: O | max neg 2nd-diff: 0.000e+00
Monotone violations: O | max pos 1st-diff: 0.000e+00

--- Test C: Base-stock policy structure ---
Base-stock structural violations: O / 750 (approx) periods

Max structural deviation: 0.000e+00

-—-- Test D: Newsvendor fractile, T=1, no power limit ---
Newsvendor agreement: 10000/10000 = 1.0000

--—- Test E: Comparative statics on S_t ---

S nondecreasing in p : True
S nondecreasing in ell_O0 : True
S nondecreasing in VOLL : True
S nonincreasing in lam_O : True

Random-pair violations over 500: {'p': O, 'ell': O, 'VOLL': O, 'lam': O}

=== SUMMARY ===

Test A (convexity) violations

Test B (monotonicity) violations

Test C (base-stock) violations :

Test D (newsvendor) agreement rate : 1.0000 of 10000

Test E (comparative statics, sweeps) : p=True, ell=True, VOLL=True, lam=
True

Test E (comparative statics, random pairs): {
lam': 0}

O O O

p': 0, 'ell': O, 'VOLL': O, '

=== VERDICT ===

EMPIRICALLY SUPPORTED: All four propositions held in tens of thousands of
numerical trials. V_t was convex and nonincreasing across all sampled
regimes, the optimal charging policy exhibited base-stock structure (b+u
*(b) constant up to U_max binding region), the T=1 newsvendor fractile




matched the closed form in 100.0% of cases (residual mismatch within grid
quantization), and S_t showed the predicted monotone comparative statics
in p, ell, VOLL, and lambda over both deterministic sweeps and random
pairs.

4 Advanced Empirical Testing

A research-grade experiment was designed with nonlinear analysis, parameter sweeps, and conver-
gence testing. Output:

=== ADVANCED EXPERIMENT PLAN ===

We test Propositions 1-4 (V_t convex+nonincreasing, base-stock optimal,
newsvendor fractile, comparative statics) at research grade.

Beyond the basic experiment, we add:

(1) CONVERGENCE ANALYSIS under grid refinement N in {64,128,256,512,1024}.
With piecewise-linear interpolation of V on a uniform grid, we expect
[IV’N - V°{2N}||_inf = 0(1/N). This validates the discrete DP
converges to the continuous-state DP.

(2) CONVEXITY-PRESERVATION DIAGNOSTIC: discrete second differences of V_t
must satisfy (D72 V)_- -> 0 as N -> infty. Persistent violations
would refute Proposition 1(a).

(3) MONTE CARLO POLICY VALIDATION: simulate M = 2x1074 trajectories from
multiple b_O with the optimal policy and compare empirical cost to V_1(

b_0).
The CLT predicts |J_hat - V_1| = 0(1/sqrt(M)).
(4) POLICY DOMINANCE: optimal cost must be <= 'always-charge', 'mever-charge

and a load-tracking threshold heuristic, by Bellman optimality.

(5) NON-STATIONARY DIURNAL REGIME: lambda_t = 5 + 3 sin(2xpix*(t-6)/24),
ell_t = 1.5 + 0.5 sin(2xpi*(t-12)/24). Real grid prices are diurnal,
so this is the regime a domain expert cares about. Convexity,
monotonicity, and base-stock structure are tested at every t.

(6) NEWSVENDOR FRACTILE: closed-form S* = ell if p>lam/VOLL else O.
We compare DP against analytical S* over 500 random trials and
show the discretization error is 0(B/N).

(7) COMPARATIVE STATICS at high resolution with monotone-coupling
verification (Prop 4 (a)-(d)).

CONJECTURE TRUE => convexity violations -> O with N, MC matches V,
optimal dominates heuristics, base-stock holds in
non-stationary regime, comparative statics monotone.

CONJECTURE FALSE => persistent (D72 V)_- > 0 at high N, or base-stock
breaks, or comparative-statics monotonicity fails.




--- Test 1: Convergence under grid refinement ---

N= 64 V_1(0)=25.966319 S_0=3.8095 dx=0.1587 CFL=U_max/dx=12.6 t
=0.00s

N= 128 V_1(0)=13.580154 S_0=3.8583 dx=0.0787 CFL=U_max/dx=25.4 t
=0.00s

N= 256 V_1(0)=10.551334 S_0=3.8824 dx=0.0392 CFL=U_max/dx=51.0 t
=0.01s

N= 512 V_1(0)=10.685782 S_0=3.8552 dx=0.0196 CFL=U_max/dx=102.2 t
=0.06s

N= 1024 V_1(0)=10.760767 S_0=3.8416 dx=0.0098 CFL=U_max/dx=204.6 t
=0.21s

[1V°64 - V~1024||_inf = 1.5273e+01

||v~128 - V~1024]| _inf 2.8494e+00

[IV™256 - V~1024]|]|_inf = 2.9326e-01

| |V~512 - V71024 | _inf 9.7560e-02

Empirical convergence orders: ['2.42', '3.28', '1.59']

--- Test 2: Convexity preservation ---
N= 64 max(-D"2 V)=4.6896e-13 max (+D71 V)=9.2371e-14
N= 128 max(-D72 V)=2.7711e-13 max (+D~1 V)=8.5265e-14
N= 256 max(-D72 V)=9.9476e-14 max (+D~1 V)=0.0000e+00
N= 512 max(-D72 V)=1.9185e-13 max (+D~1 V)=0.0000e+00
N= 1024 max(-D72 V)=1.9895e-13 max (+D~1 V)=0.0000e+00

--- Test 3: Newsvendor fractile (closed form vs DP) ---
trials=500, N=256, dx=0.0392
mean |err|=1.5263e-02 max |err|=3.8621e-02
fraction within 2*dx: 100.0%

--—- Test 4: Monte Carlo validation ---
b_0=0.000 V_1= 10.5513 MC= 10.5154 +/- 0.0697 err=0.0360
b_0=2.510 V_1= 5.3260 MC= 5.3350 +/- 0.0675 err=0.0090
b_0=5.020 V_1= 1.0278 MC= 1.0485 +/- 0.0444 err=0.0207
b_0=7.529 V_1= 0.0787 MC= 0.0892 +/- 0.0116 err=0.0106
b_0=10.000 V_1= 0.0038 MC= 0.0026 +/- 0.0013 err=0.0012

--—- Test 5: Optimal vs heuristics ---
Optimal: 1.0103
Always-charge: 19.1799
Never-charge: 45.5623
Threshold: 0.9666

--- Test 6: Comparative statics ---

S_0 nondecreasing in p : True
S_0 nondecreasing in ell : True
S_O0 nondecreasing in VOLL : True
S_O0 nonincreasing in lam_O : True

--- Test 7: Non-stationary structural tests ---
max(-D"2 V_t), all t : 1.9185e-13
max (+D”"1 V_t), all t : 0.0000e+00
base-stock structural violation: 2.2204e-16




=== S0LVER DETAILS ===
Method: vectorized backward DP, change-of-variable conv
[truncated]

5 Experiment Code (Basic)

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt
import random

import math

from itertools import product

print ("===_ EXPERIMENT PLAN ==="

print ( mmnn

We empirically test the Battery Inventory MDP conjecture's 4 propostitions
by numerically solving the Bellman equation on a fine grid:

V_t(b) = min_{u in [0, min(U_maz, B-b)]} {
lambda_t * u + (1-p) * V_{t+1}(b+u) + p * Phi_t (b+u) }
Phi_t(z) = min_{d 4in [0, min(xz, U_maz)]} { VOLL*(ell_t-d) + + V_{t+1}(z-d)
}
V_{T+1}(b) = 0.

Tests performed:

Test A (Prop la) - Convexity of V_t:
Discrete second differences V_t[i-1] - 2 V_t[<t] + V_t[i+1] >= 0 (with eps)

Tested across many random parameter regimes and all t.

Test B (Prop 1b) - Monotonicity (momincreasing):
V_t[i+1] - V_t[i] <= eps for all i, t.

Test C (Prop 2) - Base-stock policy structure:

For each t, the optimal charging policy u*(b) should equal

min (U_maz, (S_t - b)~+) for some threshold S_t. Equivalently:
- b + ux(b) is mondecreasing in b
- b + u*x(b) 4is constant = S_t whenever the constraint U_maz %is not

binding

- u*x(b) = 0 once b >= S_t.

We compute S_t = maz_b (b + u*(b)) and verify the policy structure.

Test D (Prop 3) - Newsvendor fractile (T=1):
Single-period closed form: z* = ell if p > lambda/VOLL else z* = 0.
We solve the DP with T=1 numerically and compare xT* across many random
parameter draws.

Test E (Prop 4) - Comparative statics:




Sweep one parameter at a time and check that S_t is monotone:
(a) nondecreasing in p
(b) mondecreasing in ell_t
(c) nondecreasing in VOLL
(d) nonincreasing in lambda_t.

10000+ random parameter regimes are tested owverall; results are aggregated
and plotted.

nn lI)

rng = np.random.default_rng (20260425)

# ——m——- Core DP solver —----—-----

def solve_battery_mdp(B, U_max, T, p, lam, VOLL, ell, n_grid=101):
Solve the finite-horizon battery DP on a uniform grid.
lam, ell : length-T arrays (per-period)
Returns V (T+1, n_grid), policy_u (T, n_grid), grid.
mnnn
grid = np.linspace(0.0, B, n_grid)
dx = grid[1] - grid[0]
V = np.zeros((T + 1, n_grid))
pol_u = np.zeros((T, n_grid))
pol_d np.zeros ((T, n_grid))

for t in range(T - 1, -1, -1):
# Phi_t (z): min over discharge d in [0, min(z, U_maz)]
Phi = np.empty(n_grid)
for i, x in enumerate(grid):
d_max = min(x, U_max)
# discharge candidates
d_idx_max = int(np.floor(d_max / dx + 1e-9))
d_cands = grid[: d_idx_max + 1]

# x - d on grid (closest grid indez)

new_b = x - d_cands

new_idx = np.clip(np.round(new_b / dx).astype(int), O, n_grid -
1)

unmet = np.maximum(ell[t] - d_cands, 0.0)

costs = VOLL * unmet + V[t + 1] [new_idx]

j = int(np.argmin(costs))

Phi[i] = costs[j]

# V_t(b): min over u in [0, min(U_maz, B-b)]
for i, b in enumerate(grid):

u_max_i = min(U_max, B - b)

u_idx_max = int(np.floor(u_max_i / dx + 1e-9))

u_cands = grid[: u_idx_max + 1]

new_b = b + u_cands

new_idx = np.clip(np.round(new_b / dx).astype(int), O, n_grid -
1)

costs = lam[t] * u_cands + (1 - p) * V[t + 1][new_idx] + p * Phi
[new_idx]

j = int(np.argmin(costs))

pol_ult, il = u_cands[j]




V[t, i] = costs[j]
return V, pol_u, grid

def random_params (rng, T_max=6):
B = rng.uniform(2.0, 10.0)
U_max = rng.uniform(0.5, B)
T = int(rng.integers(l, T_max + 1))
p = rng.uniform(0.05, 0.95)

lam = rng.uniform(0.1, 2.0, size=T)
VOLL = rng.uniform(5.0, 50.0)
ell = rng.uniform(0.2, U_max, size=T)

return dict(B=B, U_max=U_max, T=T, p=p, lam=lam, VOLL=VOLL,

# - Test A & B: Convezity / Monotonicity —-------—---
N_TRIALS_AB = 250

EPS = 1le-6

conv_violations = 0

mono_violations = 0

max_conv_viol = 0.0

max_mono_viol = 0.0

worst_case_AB = None

print (f"\n---_,Tests A,B:,Convexity & Monotonicity over {N_TRIALS_AB} regimes

\_’___")
for trial in range (N_TRIALS_AB):
par = random_params (rng)

V, pol_u, grid = solve_battery_mdp (**par, n_grid=81)
dx = grid[1] - grid[0]
for t in range(par["T"] + 1):
# convezxzity: 2nd difference >= -eps
d2 = V[t, :-2] - 2 % V[t, 1:-1]1 + V[t, 2:]
cmin = float(d2.min())
if cmin < -EPS * (1.0 + np.abs(V[t]).max()):
conv_violations += 1
if -cmin > max_conv_viol:
max_conv_viol = -cmin
worst_case_AB = ("conv", par, t, cmin)
# momotone: V[t, i+1] - V[t, 2] <= eps
dl = np.diff(V[t])
mmax = float(dl.max())
if mmax > EPS * (1.0 + np.abs(V[t]).max()):
mono_violations += 1
if mmax > max_mono_viol:
max_mono_viol = mmax
worst_case_AB "mono", par, t, mmax)

print (f"Convexity,violations: {conv_violations}, | max neg
#,...ultruncated]

ell=ell)




6 Experiment Code (Advanced)

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt
import math, time, itertools, random

t_start = time.time ()
print ("===_ADVANCED ,EXPERIMENT PLAN ==="
print ( mnn

We test Propositions 1-4 (V_t convez+mnonincreasing, base-stock optimal,
newsvendor fractile, comparative statics) at research grade.

Beyond the bastic ezxperiment, we add:

(1) CONVERGENCE ANALYSIS under grid refinement N in {64,128,256,512,1024F.
With piecewise-linear interpolation of V on a untiform grid, we expect
[IV°N - V{2N}/[_4nf = 0(1/N). This validates the discrete DP
converges to the continuous-state DP.

(2) CONVEXITY-PRESERVATION DIAGNOSTIC: discrete second differences of V_t
must satisfy (D2 V)_- -> 0 as N -> infty. Persistent wiolations
would refute Proposition 1(a).

(3) MONTE CARLO POLICY VALIDATION: simulate M = 2x1074 trajectories from
multiple b_0 with the optimal policy and compare empirical cost to V_1(
b_0).
The CLT predicts [J_hat - V_1] = 0(1/sqrt(M)).

(4) POLICY DOMINANCE: optimal cost must be <= 'always-charge', 'never-charge

!
E

and a load-tracking threshold heuristic, by Bellman optimalzity.

(5) NON-STATIONARY DIURNAL REGIME: lambda_t = 5 + 3 sin(2*pi*(t-6)/24),
ell_t = 1.5 + 0.5 sin(2*pi*(t-12)/24). Real grid prices are diurnal,
so this is the regime a domain ezxzpert cares about. Convexzity,
monotonicity, and base-stock structure are tested at every t.

(6) NEWSVENDOR FRACTILE: closed-form S* = ell 4if p>lam/VOLL else O.
We compare DP against analytical S* over 500 random trials and
show the discretization error is O(B/N).

(7) COMPARATIVE STATICS at high resolution with monotone-coupling
verification (Prop 4 (a)-(d)).

CONJECTURE TRUE => convexity violations -> 0 with N, MC matches V,
optimal dominates heuristics, base-stock holds in
non-stationary regime, comparative statics monotone.

CONJECTURE FALSE => persistent (D72 V)_- > 0 at high N, or base-stock
breaks, or comparative-statics monotonicity fatls.

nn II)




#
#
#
#
#

SOLVER: wvectorized backward DP using change-of-variable trick.
V_t(b) = -lam_t b + min_{s in [b, min(B, b+U_maz)]}

[ lam_t s + (1-p) V_{t+1}(s) + p Phi_t(s) ]
Phi_t(z) = min_{s in [maz (0, z-U_maz), z]}

[ VOLL * maz(0, ell - © + s) + V_{t+1}(s) ]

def solve_dp(N, T, B, U_max, p, VOLL, lam_seq, ell_seq, return_dstar=False):

grid = np.linspace(0.0, B, N)
dx = grid[1] - grid[0]

V = np.zeros((T+1, N))
Phi_arr = np.zeros((T, N))
U_star = np.zeros ((T, N))
D_star = np.zeros((T, N))
Sopt = np.zeros(T)

Umax_eff = min(U_max, B) # for indez computations
j_charge_max = np.minimum(N-1,

np.floor((grid + Umax_eff) / dx + 1e-9).astype(int))
j_disch_min = np.maximum (O,

np.ceil ((grid - Umax_eff) / dx - l1le-9).astype(int))

IT = np.arange(N)
j_idx_row = np.arange(N) [None, :]
j_idx_col = np.arange(N)[:, Nonel

for t in range(T-1, -1, -1):
Vn = V[t+1]
ell = ell_seqlt]
lam = lam_seq[t]

#ommmmmmm Pt () ===mmsmems

diff = ell + grid[None, :] - grid[:, Nonel] # ell + s - x

cost_mat = VOLL * np.maximum(0.0, diff) + Vn[None, :]

mask = (j_idx_row >= j_disch_min[:, Nomel]) & (j_idx_row <= j_idx_col
)

cost_mat [~mask] = np.inf

j_disch_opt = cost_mat.argmin(axis=1)

Phi = cost_mat[II, j_disch_opt]
Phi_arr[t] = Phi
D_star[t] = grid - grid[j_disch_opt]

4 =m=sme==== V_t(b) -======---

G = lam * grid + (1.0 - p) * Vn + p * Phi

Gmat = np.broadcast_to(G[None, :]1, (N, N)).copy(Q

mask2 = (j_idx_row >= j_idx_col) & (j_idx_row <= j_charge_max[:,
Nonel)

Gmat [~mask2] = np.inf

j_chg_opt = Gmat.argmin(axis=1)

V[t] = Gmat[II, j_chg_opt] - lam * grid

U_star[t] = grid[j_chg_opt] - grid
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Sopt[t] = grid[int(np.argmin(G))]

if return_dstar:
return V, U_star, Phi_arr, Sopt, grid, D_star
return V, U_star, Phi_arr, Sopt, grid

def newsvendor_S_exact(p, lam, VOLL, ell):
return ell if p > lam / VOLL else 0.0

# ============================================================
# Base-case parameters (diurnal non-stationary regime)

# ============================================================
T = 24

B = 10.0

U_max = 2.0

p_base = 0.05

VOLL _base = 1000.0
hours = np.arange(T)

lam_base = np.clip(5.0 + 3.0 * np.sin(2*np.pi*(hours-6)/24), 0.5, None)
ell_base = np.clip(1.5 + 0.5 * np.sin(2*np.pi*(hours-12)/24), 0.3, Nomne)
# ============================================================

# TEST 1: Convergence under grid refinement

# -+ F F F F 3 3 3 F 3 F 3 3 3 F F 3 3 5 5 3 F F F 5 3 5 3 5§

print ("\n---_Test,1: ,Convergenceunder grid, refinement ,---")

N_list = [64, 128, 256, 512, 1024]

so

# ... [truncated]

7 Conclusion

The conjecture remains formally open. Numerical experiments support the conjecture — no

counterexamples were found across all tested parameter ranges. Further investigation (both formal
and empirical) is warranted.
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