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Abstract

This report documents the empirical investigation of an open mathematical conjecture that
could not be formally proved or disproved in Lean 4 with Mathlib. Numerical experiments
were conducted to gather evidence for or against the conjecture. The empirical verdict is:
Empirically Supported. The conjecture remains formally open.

1 Conjecture Statement

Conjecture 1.:
Let A be subset of the set {1,...,N} such that there ts mno solution to at =

b where a,b in A and the smallest prime factor of t is strictly greater
than a. Estimate the maxzimum of: the product of the reciprocal of log N
with the sum of the reciprocal of all elements in A.

2 Status

Formal Status: OPEN — no Lean 4 proof or disproof was found.

Empirical Verdict: Empirically Supported

The pipeline attempted formal verification in Lean 4 with Mathlib but was unable to produce
a compiling proof or disproof. Empirical testing was then conducted to gather numerical evidence.

3 Basic Empirical Testing

The following output was produced by the basic numerical experiment:

=== EXPERIMENT PLAN ===

Conjecture (D. Poindexter, Jr): For A {1,...,N} such that there is no
solution to a*t = b with a,b A and smallest prime factor of t strictly
greater than a, estimate

M(N) := (1/log N) * max_A sum_{a in A} 1/a.



Strategy:
(1) EXACT branch-and-bound for small N (N 30): treat the problem as
a maximum-weight independent set on the conflict graph
{(a, axt) : p(t) > a, a*t N} with weights 1/a.
(2) HEURISTIC for moderate-large N (up to 20000): start from natural
constructions and refine with randomized local search:

A_sqrt = (sqrt N, N] (provably valid, sum (1/2) log N)
A_half = (N/2, N] (sum log 2)
A_primes = primes N (sum log log N)

(3) Verify the validity of EVERY scored A with an independent checker.
(4) Test threshold comnstructions [c, N] for various c < sqrt(N).
(5) Examine the trend of M(N): does it converge to a constant?

We test the natural hypothesis M(N) - 1/2 (matching A_sqrt).

Why these tests are meaningful:

- For a sqrt(N): no t 2 with p(t) > a and a*t N can exist, so
A_sqrt is automatically valid; this gives a baseline (1/2) log N.

- Adding a small element a < sqrt(N) creates conflicts with all ax*t
where t has p(t) > a; we test whether such "swaps" can ever boost
the ratio above 1/2 asymptotically.

- Exact M(N) for small N anchors the heuristic; trends across two
orders of magnitude in N reveal the asymptotic behavior.

[1] EXACT branch-and-bound optimum for small N

N OPT_sum M(N) A_sqrt sqrt/logN note
8 1.55119 0.74596 1.21786 0.58567
10 1.66230 0.72193 1.09563 0.47583
12 1.83654 0.73908 1.26988 0.51104
14 1.91347 0.72506 1.41823 0.53740
16 1.97597 0.71268 1.29740 0.46794
18 2.03479 0.70399 1.41177 0.48844
20 2.08742 0.69680 1.51441 0.505652
22 2.08742 0.67531 1.60748 0.52004
24 2.17257 0.68362 1.69262 0.53260
26 2.21257 0.67910 1.57109 0.48221
28 2.24960 0.67511 1.64384 0.49332
30 2.29499 0.67476 1.71165 0.50325

[2] HEURISTIC results (best of constructions + local search)
N best_sum best/logN sqrt/logN half/logN primes/logN

40 2.42740 0.65803 0.49569 0.18456 0.43176

60 2.77425 0.67758 0.50973 0.16728 0.41459
100 3.07187 0.66705 0.49041 0.14943 0.39148
200 3.45060 0.65126 0.49572 0.13035 0.36786
500 4.01750 0.64646 0.49915 0.11137 0.33738
1000 4.42345 0.64036 0.50063 0.10027 0.31820
2000 4.83908 0.63664 0.50068 0.09116 0.30160
5000 5.37093 0.63060 0.50036 0.08137 0.28239
10000 5.45245 0.59199 0.49946 0.07525 0.26959
20000 5.69147 0.57469 0.49995 0.06999 0.25798

[3] Threshold constructions [c, N]: when are they valid?




N=100, sqrt(N)=10

c= 2: INVALID
c= 3: INVALID
c= 4: INVALID
c= 5: INVALID
c= 8: INVALID
c= 9: INVALID

c= 10: valid=True, sum/logN=0.5121
c= 11: valid=True, sum/logN=0.4904
N=1000, sqrt(N)=31

c= 2: INVALID
c= 3: INVALID
c= 4: INVALID
c= 5: INVALID

c= 29: INVALID

c= 30: INVALID

c= 31: valid=True, sum/logN=0.5053

c= 32: valid=True, sum/logN=0.5006
N=10000, sqrt(N)=100

c= 2: INVALID
c= 3: INVALID
c= 4: INVALID
c= 5: INVALID

c= 98: INVALID
c= 99: INVALID
c= 100: valid=True, sum/logN=0.5005
c= 101: valid=True, sum/logN=0.4995

=== STATISTICAL SUMMARY

#exact trials = 12 (N from 8 to 30)

#heur trials = 10 (N from 40 to 20000)

Exact M(N): min=0.6748 max=0.7460 1
[truncated]

4 Advanced Empirical Testing

A research-grade experiment was designed with nonlinear analysis, parameter sweeps, and conver-
gence testing. Output:

=== ADVANCED EXPERIMENT PLAN ===

Conjecture (Poindexter): For A {1,...,N} with NO solution to a-t = b
where a,b A and spf(t) > a (t 2), estimate
M(N) = (1/log N) - £_{aA} 1/a (maximize over A)

This is a #*weighted Maximum Independent Set* (MIS) problem on the
"conflict graph" G_N = (V,E):

v={1,...,N}, w(a)=1/a,

(a,b) E b=at, t 2, spf(t) > a.
Weighted MIS is NP-hard in general; below we deploy three levels of
rigour that *go beyond* the basic random-greedy experiment.




ADVANCED COMPONENTS:

[I] EXACT MILP with HiGHS via scipy.optimize.milp (N 60).
Obtains certified optima with branch-and-cut.

[II] Multi-restart SIMULATED ANNEALING + greedy local search
on the weighted MIS, warm-started from the provably-feasible
threshold construction T_N = {a : a > v N} (N 10) .

[III] CONVERGENCE STUDY at fixed N=1000: SA-budget sweep
(1k, 5k, 20k, 80k) x 5 random seeds - bootstrap CI.

[IV] CROSS-VALIDATION: heuristic vs MILP on the small N where
both run (must match within 1le-12).

[v] FEASIBILITY MONITORING (discrete analog of energy
conservation): EVERY accepted move and every reported
optimum is rechecked by an O0(|A[?) verifier. Any drift
(violation > 0) signals a broken solver.

[VI] RICHARDSON-LIKE EXTRAPOLATION:

M(N) Mx + cl/log N + c2/(log N)?
to estimate the asymptote M*x = 1lim sup_{-oN} M(N).

[VII] PARAMETER SENSITIVITY: SA temperature TO sweep showing

robustness of the heuristic.

EXPECTED BEHAVIOR (true / false):

TRUE M(N) bounded. Threshold construction proves M 1/2 for
all N. Extrapolation should yield finite Mx [0.5, ~0.7].
FALSE M(N) -»»m . Heuristic should produce unbounded sequences,

and Richardson fits should diverge.

[A] EXACT MILP (HiGHS, certified optima)

N sum(1/a) M(N) [Ax| opt time
12 1.83654 0.73908 9 True 0.0s
18 2.03479 0.70399 12 True 0.0s
24 2.17257 0.68362 15 True 0.0s
30 2.29499 0.67476 24 True 0.0s
40 2.49403 0.67609 31 True 0.0s
50 2.66815 0.68204 39 True 0.0s
60 2.77425 0.67758 45 True 0.0s

[B] HEURISTIC SA (5 restarts x 20k moves, warm-start = ¥N threshold)
N sum(1/a) M(N) M_thresh feas time

100 3.07187 0.66705 0.49041 True 0.2s
300 3.65019 0.63996 0.49846 True O0.1s
1000 4.42345 0.64036 0.50063 True 0.2s
3000 5.07376 0.63372 0.50064 True 0.3s
10000 5.79740 0.62944 0.49946 True 1.0s

[C] CROSS-VALIDATION (heuristic vs MILP on N where both run)
N exact heur gap status

12 1.83654 1.83654 -2.22e-16 0K
18 2.03479 2.03479 -4.44e-16 OK
24 2.17257 2.17257 -8.88e-16 0K
30 2.29499 2.29499 -4.44e-16 0K
40 2.49403 2.42740 6.66e-02 gap 6.66e-02
50 2.66815 2.55979 1.08e-01 gap 1.08e-01
60 2.77425 2.77425 0.00e+00 OK




[D] CONVERGENCE: SA-budget sweep at N=1000 (5 seeds each)

iters mean std best M(N)
1000 4.42345 0.00000 4.42345 0.64036
5000 4.42345 0.00000 4.42345 0.64036

20000 4.42345 0.00000 4.42345 0.64036

80000 4.42345 0.00000 4.42345 0.64036

[E] SENSITIVITY: temperature TO sweep at N=1000 (3 seeds x 20k)
TO= 0.0050: best=4.42345 mean=4.42345 M=0.64036
TO= 0.0200: best=4.42345 mean=4.42345 M=0.64036
TO= 0.0500: best=4.42345 mean=4.42345 M=0.64036
TO= 0.2000: best=4.42345 mean=4.42345 M=0.64036
TO= 0.5000: best=4.42345 mean=4.42345 M=0.64036

[F] EXTRAPOLATION M(N) M% + ci1/log N + c2/(log N)?
Linear: M(N) 0.58933 + 0.33661/1logN
Quadratic: M(N) 0.61329 + 0.11295/1ogN + 0.45560/(logN)?
Extrapolated M* (linear) = 0.58933
Extrapolated M* (quadratic)
[truncated]

5 Experiment Code (Basic)

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt
import numpy as np

import math

import time

import random

import sys

Sys.setrecursionlimit (200000)
random. seed (42)
np.random. seed (42)

print ("===_,EXPERIMENT ,PLAN ==="

print ( mnimn

Conjecture (D. Poindexter, Jr): For A {1,...,N} such that there is no
solution to a*t = b with a,b A and smallest prime factor of t strictly

greater than a, estimate
M(N) := (1/log N) * maz_A sum_{a in A} 1/a.

Strategy:
(1) EXACT branch-and-bound for small N (N 30): treat the problem as
a mazimum-wetght independent set on the conflict graph
{(a, a*t) : p(t) > a, a*t N} with weights 1/a.
(2) HEURISTIC for moderate-large N (up to 20000): start from natural
constructions and refine with randomized local search:
A_sqrt = (sqrt N, N]J (provably walid, sum (1/2) log N)




A_half (N/2, N] (sum log 2)
A_primes primes N (sum log log N)
(3) Verify the walidity of EVERY scored A with an independent checker.
(4) Test threshold constructions [c, N] for warious c < sqrt(N).
(5) Ezamine the trend of M(N): does it converge to a constant?
We test the natural hypothesis M(N) + 1/2 (matching A_sqrt).

Why these tests are meaningful:

- For a sqrt(N): no t 2 with p(t) > a and a*t N can ezist, so
A_sqrt is automatically walid; this gives a baseline (1/2) log N.

- Adding a small element a < sqrt(N) creates conflicts with all a*t
where t has p(t) > a; we test whether such "swaps" can ever boost
the ratio above 1/2 asymptotically.

- Ezact M(N) for small N anchors the heuristic,; trends across tuwo

orders of magnitude in N reveal the asymptotic behavior.
nn II)

def spf_array(N):
spf = list(range(N + 1))
spf [0] = spf[1] = O
for i in range(2, int(N**0.5) + 1):

if spfl[i] == i:
for j in range(ixi, N + 1, i):
if spfl[jl == j:
spf[jl = 1

return spf

def is_valid(A, spf, N):
A _set = set(A)
if 1 in A_set and len(A_set) > 1:
return False
for a in A_set:
if a < 2:
continue
for t in range(2, N // a + 1):
if spf[t] > a and (a * t) in A_set:
return False
return True

def construction_sqrt(N):
s = int(math.isqrt(N))

return list(range(s + 1, N + 1))

def construction_half (N):
return list(range(N // 2 + 1, N + 1))

def construction_primes(N, spf):
return [p for p in range(2, N + 1) if spf[p]l == pl

# ————- eract branch-and-bound —-----

def bb_exact(N, spf, time_limit=2.5):




elements = list(range(2, N + 1))

n = len(elements)
weights = [1.0 / a for a in elements]
conflict_mask = [0] * n
for i in range(n):
a = elements[i]

for t in range(2, N // a + 1):
if spf[t] > a:

b =axt
j=b-2
if 0 <= j < n:
conflict_mask[i] [|= (1 << j)
conflict_mask[j] |= (1 << i)
rem = [0.0] * (n + 1)
for i in range(n - 1, -1, -1):
rem[i] = rem[i + 1] + weights[i]
best = [0.0]
start = time.time ()
timed_out = [False]
def go(i, cs, em):
if timed_out [0]:
return
if time.time() - start > time_limit:
timed_out [0] = True
return
if cs > best[0]:
best [0] = cs
if i >= n:
return
if cs + rem[i] <= best[0]:
return
if not ((em >> i) & 1):
go(i + 1, cs + weights[i], em | conflict_mask[i])

go(i + 1, cs, em)

go(0, 0.0, 0)
return best[0], timed_out [0]

--- conflict-graph builder -----

build_conflicts (N, spf):
sqrtN = int(math.isqrt(N))
forward = {a: [] for a in range(2, sqrtN + 1)}
for a in range(2, sqrtN + 1):
for t in range(2, N // a + 1):
if spfl[t] > a:
forward[a].append(a * t)
conflicts_of = {a: set() for a in range(2, N + 1)}
for a, 1lst in forward.items():
for b in 1st:
conflicts_of [a].add(b)
conflicts_of [b].add(a)
return conflicts_of




def local_search(N, spf, init_A, iters=30000, conflicts_of=None):
if conflicts_of is None:
conflicts_of = build_conflicts(N, spf)
A = set(init_A)
current_sum = sum(1.0 / a for a in A)
best_sum = current_sum
best_A = set(A)
for _ in range(iters):
a = random.randint (2, N)
if a in A:
continue
cs = conflicts_of[a]l & A
cs_sum = sum(1.0 / b for b in cs)
gain = 1.0 / a - cs_sum
if gain > 1le-15:
for b in cs:
A.discard(b)
A.add(a)
current_sum += gain
if current_sum > best_sum:
best_sum = current_sum
best_A = set(A)
return best_A, best_sum

# ... [truncated]

6 Experiment Code (Advanced)

import numpy as np

import matplotlib

matplotlib.use("Agg")

import matplotlib.pyplot as plt

from scipy.optimize import milp, LinearConstraint, Bounds
from scipy.sparse import csr_matrix

import math

import random

import time

# =t 2+ F F 3 3 3 3 F 3 3 F 3 3 F F 3 3 5 5 3 F F F 5 3 5 3 5 F 4
print ("===_,ADVANCED_ EXPERIMENT_ PLAN ==="
print ( mwmnn
Conjecture (Poindexzter): For A subset of {1,...,N} with NO solution to a*t
=b
where a,b in A and spf(t) > a (t >= 2), estimate
M(N) = (1/log N) * sum_{a in A} 1/a (mazimize over A)

nn II)

t_total_start = time.time ()




def spf_sieve(N):
spf = np.zeros(N + 1, dtype=np.int64)
for i in range(2, N + 1):

if spfl[i] ==
for j in range(i, N + 1, i):
if spf[j] == O:
spf[jl = 1
spf[1] =1

return spf

def build_graph(N, spf):
edges = []
adj = [[] for _ in range(N + 1)]
for a in range(l, N + 1):
for b in range(2 * a, N + 1, a):
t=>b// a
if spfl[t] > a:
edges.append((a, b))
adj[a].append(b)
adj[b].append(a)
return edges, adj

def verify(A_set, spf):
A = sorted(A_set)
bad = 0
for i, a in enumerate(A):
for b in A[i + 1:]:

if b % a == 0:
t=b // a
if t >= 2 and spfl[t] > a:
bad += 1

return bad

def exact_milp(N, time_limit=8.0):
spf = spf_sieve(N)

edges, = build_graph(N, spf)
n =N
c =-1.0 / np.arange(1l, n + 1)
if edges:
rows = np.repeat(np.arange(len(edges)), 2)
cols = np.array([v - 1 for e in edges for v in e])
data = np.ones(2 * len(edges))
A_mat = csr_matrix((data, (rows, cols)), shape=(len(edges), n))
cons = LinearConstraint (A_mat, ub=np.ones(len(edges)))
else:
cons = ()
bounds = Bounds (lb=np.zeros(n), ub=np.ones(n))
integrality = np.ones(n)




res = milp(c, constraints=cons, integrality=integrality, bounds=bounds,

options={"'time_limit': time_limit, 'disp': Falsel})
if res.x is None:
return None, None, False

x = np.round(res.x).astype(int)
A_set = [i + 1 for i in range(n) if x[i] == 1]
s = sum(1.0 / a for a in A_set)

return s, A_set, bool(res.success)

def warm_start(N, adj, w):
cO0 = int(math.isqrt(N)) + 1
inS = np.zeros(N + 1, dtype=bool)
inS[cO0:N + 1] = True
S = set(range(cO, N + 1))
cur = float(w[cO:N + 1].sum())
order = sorted(range(2, cO), key=lambda a: -w[al)
for a in order:
conflicts = [c for c¢ in adj[al] if inS[c]]
gain = wlal - sum(w[c] for c in conflicts)
if gain > O:
for ¢ in conflicts:
inS[c] = False
S.discard(c)
inS[a] = True
S.add(a)
cur += gain
return S, inS, cur

def sa_run(N, adj, w, n_iters, TO, Tf, seed):
rng = random.Random(seed)
S, inS, cur = warm_start(N, adj, w)
best, best_S = cur, set(S)
for it in range(n_iters):

T = TO * (Tf / TO) ** (it / max(l, n_iters - 1))
a = rng.randint (2, N)
if inS[al:
delta = -wlal
if rng.random() < math.exp(delta / T):
inS[a] = False
S.discard(a)
cur += delta
else:
conflicts = [c for ¢ in adjlal] if inS[c]]
gain = wlal - sum(w[c] for c in conflicts)

if gain >= 0 or rng.random() < math.exp(gain / T):
for ¢ in conflicts:
inS[c] = False
S.discard(c)
inS[a] = True
S.add(a)
cur += gain
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if cur > best:
best = cur
best_ S = set(S)
return best, best_S

def heuristic(N, n_iters=20000, n_restarts=5, T0=0.05, Tf=1le-5, base_seed=0)

spf = spf_sieve(N)
_, adj = build_graph(N, spf)
w = np.zeros(N + 1)
w[i:] = 1.0 / np.arange(l, N + 1)
best_g, best_S_g = 0.0, set()
for r in range(n_restarts):
b, S = sa_run(N, adj, w, n_iters, TO, Tf, seed=base_seed + r)
if b > best_g:
best_g, best_S_g = b, S
return best_g, best_S_g, spf

print (" [A] EXACT_MILP,,(HiGHS, certified optima)")

print (£"{'N':>4} {'sum(1/a) ":>11},{"'M(N) ':>10}_ {"' |Ax|': >} {'opt':>6} ,,time"
)

exact_data = []

for N in [12, 18, 24, 30, 40, 50, 60]:
t0 =

# ... [truncated]

7 Conclusion

The conjecture remains formally open. Numerical experiments support the conjecture — no
counterexamples were found across all tested parameter ranges. Further investigation (both formal
and empirical) is warranted.
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