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Abstract

This report documents the empirical investigation of an open mathematical conjecture that
could not be formally proved or disproved in Lean 4 with Mathlib. Numerical experiments
were conducted to gather evidence for or against the conjecture. The empirical verdict is:
Empirically Supported. The conjecture remains formally open.

1 Conjecture Statement

Conjecture 1.:
A unitary divisor d of a positive integer n is a divisor such that d and n/d

are coprime. A positive integer n ts called a untitary perfect number if
it 1s the sum of its unitary divisors (aside from n itself). Conjecture:
there are only finitely many unitary perfect numbers.

2 Status

Formal Status: OPEN — no Lean 4 proof or disproof was found.

Empirical Verdict: Empirically Supported

The pipeline attempted formal verification in Lean 4 with Mathlib but was unable to produce
a compiling proof or disproof. Empirical testing was then conducted to gather numerical evidence.

3 Basic Empirical Testing

The following output was produced by the basic numerical experiment:

=== EXPERIMENT PLAN

Definitions

A unitary divisor d of n satisfies d | n and gcd(d, n/d) = 1.
The unitary divisor sum sigma*(n) is multiplicative with
sigma*x(p~a) = 1 + p~a




n is a 'unitary perfect number' (UPN) iff sigma*x(n) = 2n.

Conjecture (Poindexter): Only finitely many UPNs exist.
Historically, only 5 UPNs are known (Subbarao, Wall, ...):

6, 60, 90, 87360, and 146361946186458562560000.
None has been found in 50+ years of search.

Plan of attack (multiple angles)

[T1] Exhaustive sieve up to N = 1,000,000:
compute sigma*(n) and verify the four small UPNs are exactly the
UPNs in this range -- i.e. no surprise UPN exists below 1076.

[T2] Distribution of unitary abundancy a*(n) = sigma*(n)/n.
A UPN sits exactly at a*=2. We measure how the empirical
distribution behaves around 2.

[T3] Density of near-misses |a*(n) - 2| < eps as a function of x.
If UPNs were 'common', we'd expect the density of near-misses
to grow linearly. Sub-linear growth supports finiteness.

[T4] Verification of the giant 5th UPN using Python big-ints.

[T5] Random sampling of structured large integers (50,000 trials)
with controlled prime-power factorizations -- search for
any UPN > 87360 that we might have missed and gather
statistics on a* far away from the sieve range.

[T6] Asymptotic gap analysis of the 5 known UPNs:
log(UPN_{k+1}) - log(UPN_k) -- super-linear gap growth is
a finiteness signature.

[T1] Sieving sigma*(n) for n in [1, 1000000]
sieve complete in 0.3s (78498 primes processed)
UPNs found in [2, 1000000]: [6, 60, 90, 87360]
Expected (OEIS A002827 first four): [6, 60, 90, 87360]

Exhaustive match: True
#unitary-abundant = 70030 #deficient = 929966 #perfect = 4
[T2] Empirical distribution of a*(n) = sigma*(n)/n.

range over n<=N : min=1.0000 max=3.4119 mean=1.3684 median=1.3163

lax(n) -2 < 1le-01 : 50946 integers (density 5.095e-02)
[a*x(n)-2| < 1e-02 : 19421 integers (density 1.942e-02)
[a*x(n)-2| < 1e-03 : 17820 integers (density 1.782e-02)
l[a*(n)-2| < 1e-04 : 13032 integers (density 1.303e-02)
l[a*(n)-2| < 1e-05 : 4 integers (density 4.000e-06)

[T3] Cumulative near-miss count vs x (log-log analysis).

eps= 1e-02: log-log slope of N_eps(x) ~ x"alpha, alpha = 1.109
eps= 1e-03: log-log slope of N_eps(x) ~ x"alpha, alpha = 1.140
eps= 1le-04: log-log slope of N_eps(x) ~ x"alpha, alpha = 0.817

[T4] Verify 5th known UPN (Wall, 1975).




nb 146361946186458562560000
sigmax*(nb) 292723892372917125120000
2*nb = 292723892372917125120000
Is UPNT? True

[T5] Random sampling of large square-full integers (50k trials).

trials = 50000
trials with n > 10712 = 40148
exact UPN hits =0
|a*-2| < 1e-02 = 4

l[a*x-2| < 1e-03 =1

[a*x-2| < 1e-04 0
sampled a* mean=1.1069 std=0.1235 min=1.0000 max=2.4211

[T6] Asymptotic gap analysis of the 5 known UPNs.

logl0 of known UPNs: [‘O.778', '1.778', '1.954', '4.941', '23.165"']
ln-gaps between consecutive UPNs: ['2.303', '0.405', '6.878', '41.963']
ratios of successive ln-gaps: ['0.18', '16.96', '6.10']

Total runtime: 2.9s

Saved: experiment_plot_1.png, experiment_plot_2.png, experiment_plot_3.png,
experiment_plot_4.png

=== VERDICT ===
EMPIRICALLY SUPPORTED: Exhaustive sieve up to 1076 finds EXACTLY the 4 known
small UPNs [6, 60, 90, 87360] and no others. | Big-int verification
confirms the 5th known UPN. | 50,000 random structured trials with n up
to ~10715 produced only previously known UPNs (no novel UPN). | Near-miss
counts grow only sublinearly in x: density of [a*x-2|<107-4 is 1.30e-02,
and decreases as the tolerance tightens. | ln-gaps between consecutive
known UPNs grow super-linearly ([np.float64(2.3), np.float64(0.41), np.
float64(6.88), np.float64(41.96)]), the signature of a finite sequence.

4 Advanced Empirical Testing

A research-grade experiment was designed with nonlinear analysis, parameter sweeps, and conver-
gence testing. Output:

=== ADVANCED EXPERIMENT PLAN ===

Conjecture: there are only finitely many unitary perfect numbers (UPNs),
where n is UPN iff sigma*(n) = 2n and sigma*(n) := sum of unitary divisors
(d unitary divisor of n iff d|ln and gcd(d, n/d) = 1). sigma* is a
strongly multiplicative function with sigma*(p"k) = 1 + p~k.

WHAT we simulate (going beyond the basic experiment):

(A) MULTI-RESOLUTION VECTORIZED SIEVE at N in {le5, 1le6, 1e7}, three
decades farther than the basic experiment. This is the discrete
convergence test: at each resolution we should recover the same UPN
set {6, 60, 90, 87360} and the empirical abundancy CDF should
stabilize (Cesaro convergence of multiplicative functions).




(B) ANALYTIC INVARIANT MONITORING -- the number-theoretic analog of
energy conservation. For coprime (m,n), sigma*(mn) must equal
sigma*(m)*sigma*(n). We test 5000 random coprime pairs at the
finest resolution; any drift indicates an algorithmic bug.

(C) STRUCTURED-FAMILY EXACT SEARCH up to 10730. Enumerate
n = 27a * (odd squarefree kernel from primes <= 53), giving ~2.6
million high-value candidates in EXACT integer arithmetic, far
beyond what any sieve can reach.

(D) BIG-INT VERIFICATION of all 5 known UPNs (including the 23-digit
Wall (1975) UPN), plus a PERTURBATION-NEIGHBOURHOOD search that
varies the exponent of 2 by +-2 and swaps each odd prime for the
next ~30 candidate primes -- searching ~2000 'nearby' integers
for any UPN we might have missed.

(E) ERDOS-POMERANCE HEURISTIC. Empirically fit the density

D(N, eps) = #{n<=N : |sigmax*(n)/n - 2| < eps}/N to a power law
D ~ C * eps™q at every resolution, and check Cauchy convergence
across resolutions. Finiteness requires the density of EXACT

solutions to vanish faster than 1/N.

(F) CUMULATIVE NEAR-MISS COUNT N_eps(x) ~ x"alpha; sub-linear (alpha<1)
is the classical finiteness signature.

(G) PARAMETER SENSITIVITY: epsilon swept across 6 decades;
log-gap analysis of the 5 known UPNs.

EXPECTED IF TRUE: no UPN found beyond the 5 known ones; q > 0; alpha
sub-linear; super-linear growth of ln-gaps.
EXPECTED IF FALSE: discovery of a 6th UPN OR alpha >= 1 with bounded q.

[A] Multi-resolution sigma*-sieve (convergence test)
N=1e5: solver=numpy SPF-sieve+iter, runtime=0.03s, UPNs=[6, 60, 90,

87360]

N=1e6: solver=numpy SPF-sieve+iter, runtime=0.30s, UPNs=[6, 60, 90,
87360]

N=1e7: solver=numpy SPF-sieve+iter, runtime=3.38s, UPNs=[6, 60, 90,
87360]

Cross-resolution agreement on UPNs <= 1eb5: True

[B] Multiplicativity invariant test (analog of energy conservation)
Tested 5000 random coprime pairs (m,n) with mn<=1e7; errors = 0 (must be
0)

[C] Structured family search (exact big-int arithmetic, n <= 1e30)
Candidates exactly checked: 2,225,667
Structured UPNs found: [6, 60, 87360]
Near-misses |a*x-2|<1le-3: 3056
Closest 3 near-misses (n, sigmax, |ax-2]|):
n=87360 |ax-2]=0.000e+00
n=4197845594055393280 |a*x-2|=1.801e-06




n=5522044030033920 |a*x-2|=2.798e-06

[D] Verification of 5 known UPNs + perturbation-neighborhood search
Verifying known UPNs:
n=6 (digits=1, omega=2) sigma*=2n7 True
n=60 (digits=2, omega=3) sigma*=2n? True
n=90 (digits=2, omega=3) sigma*=2n? True
n=87360 (digits=5, omega=5) sigma*x=2n7 True
n=146361946186458562560000 (digits=24, omega=12) sigma*=2n?7 True
Perturbations tested: 626; new-UPN hits: O

[E] Density of |[|sigma*(n)/n - 2| < eps (E-P heuristic)
eps N=1eb N=1e6 N=1e7

le-01 5.055e-02 5.095e-02 5.041e-02
1e-02 2.355e-02 1.942e-02 2.084e-02
1e-03 1.661e-02 1.782e-02 1.515e-02
le-04 4.000e-05 1.303e-02 1.451e-02
1le-05 4.000e-05 4.000e-06 1.080e-02
1le-06 4.000e-05 4.000e-06 4.000e-07

Cauchy convergence between consecutive resolutions:

eps=1e-01: |[D(1e7)-D(1le6)| = 5.371e-04
eps=1e-02: |D(1e7)-D(1le6)| = 1.418e-0
[truncated]

5 Experiment Code (Basic)

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt
import numpy as np

import time

import random

from math import 1log

print ("===_EXPERIMENT_PLAN ==="

print ("""

Definitions

A unitary divisor d of n satisfies d | n and gcd(d, n/d) = 1.

The unitary divisor sum sigma*(n) is multiplicative with
sigma*(p~a) = 1 + p~a

n 4s a 'unitary perfect number' (UPN) 4iff sigma*(n) = 2n.

Conjecture (Poindexter): Only finitely many UPNs extist.
Historically, only 5 UPNs are known (Subbarao, Wall, ...):

6, 60, 90, 87360, and 146361946186458562560000.
None has been found in 50+ years of search.




Plan of attack (multiple angles)

[T1] Ezhaustive sieve up to N = 1,000,000:
compute sigma*(n) and verify the four small UPNs are ezactly the
UPNs in this range -- %.e. nmo surprise UPN exists below 1076.

[T2] Distribution of unitary abundancy a*(n) = sigma*(n)/n.
A UPN sits ezactly at a*=2. We measure how the empirical
distribution behaves around 2.

[T3] Density of near-misses [a*(n) - 2/ < eps as a function of .
If UPNs were 'common', we'd expect the density of near-misses
to grow linearly. Sub-linear growth supports finiteness.

[T4{] Verification of the giant 5th UPN using Python big-ints.

[T5] Random sampling of structured large integers (50,000 trials)
with controlled prime-power factorizations —-- search for
any UPN > 87360 that we might have missed and gather
statistics on a* far away from the sieve range.

[T6] Asymptotic gap analysis of the 5 known UPNs:
log (UPN_{k+1}) - log(UPN_k) -- super-linear gap growth s

a finiteness signature.
nn II)

t0 = time.time ()

# ______________________________________________________________________
# [T1] Sieve sigma*(n) for n <= N

# ______________________________________________________________________
N = 1_000_000

print (£"\n[T1] Sieving, sigma*(n)_ for,n,in [1, {N}],...")

ss = np.ones(N + 1, dtype=np.int64)

composite = np.zeros(N + 1, dtype=bool)

composite[0:2] = True

n_primes = 0

for p in range(2, N + 1):
if composite[p]:
continue
n_primes += 1
if p *x p <= N:
composite [p*p::p] = True
pk = p
while pk <= N:
pk_next = pk * p
mults = np.arange(pk, N + 1, pk, dtype=np.int64)
if pk_next <= N:

q = mults // pk # 1, 2, 3,
mask = (q % p) !'= 0 # keep mults of pk NOT divisible by
pk_next




ss[mults [mask]] *= (1 + pk)
else:

ss[mults] *= (1 + pk)
pk = pk_next

# Sanity checks

assert ss[1] == 1
assert ss[6] == 12 and ss[60] == 120 and ss[90] == 180 and ss[87360] ==
174720

print (£",,,sieve complete in {time.time () -t0:.1f}s,,({n_primes} primes,
processed)")

n_arr = np.arange(N + 1, dtype=np.int64)

upn_mask = (n_arr > 1) & (ss == 2 * n_arr)

upns = np.where (upn_mask) [0].tolist ()

print (£",, ,UPNs,found,in [2, ,{N}]: {upns}")

expected_small = [6, 60, 90, 87360]

print (£",, Expected,,(0EIS,A002827 ,first four) :, ,{expected_smalll}")
print (£",,,Exhaustive match:,{upns,==,expected_small}")

# count of unitary-abundant / deficient / perfect
ratios = ss[1:].astype(np.float64) / np.arange(l, N + 1)

n_abund = int(np.sum(ratios > 2))
n_def = int(np.sum(ratios < 2))
n_perfect = int(np.sum(ratios == 2))

print (£"_, #unitary-abundant =, {n_abund} . "
f"#deficient, = {n_def} u_u#perfect, = {n_perfectl}")

print (£"\n[T2] Empirical distribution of a*(n)_ =, sigma*(n)/n.")
print (f", urange over n<=N,: min={ratios.min():.4f} "
f"max={ratios.max():.4f} mean={ratios.mean():.4f} "
f"median={np.median(ratios):.4f}")
for eps in [le-1, le-2, 1le-3, le-4, le-5]:
¢ = int(np.sum(np.abs(ratios - 2) < eps))
print (£" uula*x(n) -2, < {eps:>6.0e},: {c:8d} integers "
f"(density {c,/uN:.3e})")

# [T3] Cumulative near-miss density as a function of z

print ("\n[T3],,Cunulative near-miss,count_vs,x,(log-log analysis).")
near_eps_list = [le-2, 1e-3, 1le-4]
cum_near = {eps: np.cumsum(np.abs(ratios - 2) < eps) for eps in
near_eps_list}
xs = np.unique(np.geomspace (100, N, 60).astype(int))
for eps in near_eps_list:
yv = np.array([cum_near[eps] [x-1] for x in xs])
if yv[-1] > 0 and yv[len(yv)//4] > O:
# log-log slope on the upper half (asymptotic regime)
valid = yv > 0O
slope = np.polyfit(np.log(xs[valid]l), np.log(yv[valid]l), 1) [0]




print (£",,eps={eps:>6.0e}:,log-log
#,...ultruncated]

6 Experiment Code (Advanced)

import numpy as np

import matplotlib

matplotlib.use("Agg")

import matplotlib.pyplot as plt

from math import gcd, log, loglO, isqrt
from fractions import Fraction

import time

import random

t_start = time.time ()

print ("===_ ADVANCED_ EXPERIMENT PLAN ==="

Print ( mnn

Conjecture: there are only finitely many unitary perfect numbers (UPNs),
where n ts UPN iff sigma*(n) = 2n and sigma*(n) := sum of unitary divisors

(d unitary divisor of n iff d/n and gcd(d, n/d) = 1). sigma* %s a
strongly multiplicative function with sigma*(p~k) = 1 + pTk.

WHAT we simulate (going beyond the basic experiment):

(A) MULTI-RESOLUTION VECTORIZED SIEVE at N <in {l1e5, 1le6, 1e7}, three
decades farther than the basic experiment. This is the discrete
convergence test: at each resolution we should recover the same UPN
set {6, 60, 90, 87360} and the empirical abundancy CDF should
stabilize (Cesaro convergence of multiplicative functions).

(B) ANALYTIC INVARIANT MONITORING -- the number-theoretic analog of
energy conservation. For coprime (m,n), sigma*(mn) must equal
sigma*(m)*sigma*(n). We test 5000 random coprime pairs at the

finest resolution; any drift indicates an algorithmic bug.

(C) STRUCTURED-FAMILY EXACT SEARCH up to 10730. Enumerate
n = 27a * (odd squarefree kernel from primes <= 53), giving ~2.6
million high-value candidates in EXACT integer arithmetic, far
beyond what any sieve can reach.

(D) BIG-INT VERIFICATION of all 5 known UPNs (including the 23-digit
Wall (1975) UPN), plus a PERTURBATION-NEIGHBOURHOOD search that
varies the ezxzponent of 2 by +-2 and swaps each odd prime for the
next ~30 candidate primes -- searching ~2000 'neardby' integers
for any UPN we might have missed.

(E) ERDOS-POMERANCE HEURISTIC. Empirically fit the density
D(N, eps) = #{n<=N : [sigma*(n)/n - 2/ < eps}/N to a power law
D ~ C * eps”q at every resolution, and check Cauchy convergence
across resolutions. Finiteness requires the density of EXACT




solutions to wvanish faster than 1/N.

(F) CUMULATIVE NEAR-MISS COUNT N_eps(z) ~ z alpha; sub-linear (alpha<1)
is the classical finiteness signature.

(G) PARAMETER SENSITIVITY: epsilon swept across 6 decades;
log-gap analysis of the 5 known UPNs.

EXPECTED IF TRUE: mno UPN found beyond the 5 known ones; q > 0; alpha
sub-linear; super-linear growth of ln-gaps.
EXPECTED IF FALSE: discovery of a 6th UPN OR alpha >= 1 with bounded q.

nn Il)

# (4) Sieve infrastructure (vectorized numpy)

def spf_sieve(N):
"""Smallest prime factor sieve. """
spf = np.zeros(N + 1, dtype=np.int64)
for i in range(2, isqrt(N) + 1):

if spf[i] ==
block = spfl[i * i :: i]
unmarked = (block == 0)
spf[i * i :: i] = np.where(unmarked, i, block)
rem = (spf == 0) & (np.arange(N + 1) >= 2)

spf [rem] = np.arange(N + 1) [rem]
return spf

def sigma_star_array(N):

"nrCompute sigma*(n) for n=0..N using SPF + iterative factor eztraction.

spf = spf_sieve(N)
cur = np.arange(N + 1, dtype=np.int64)
sig = np.ones(N + 1, dtype=np.int64)
sig[0] = 0
active = np.arange(2, N + 1, dtype=np.int64)
while active.size > O:
¢ = cur[active]
o) spf [c]
pk = np.ones_like(p)
c2 = c.copy()
while True:
m= (c2 % p == 0)
if not m.any():
break
pk[m] = pk[m] * p[m]
c2[m] = c2[m] // plm]
siglactive] = siglactive] * (1 + pk)
cur [active] = c2
active = activel[c2 > 1]
return sig

print ("\n[A] Multi-resolution,sigma*-sieve ,(convergence test)")
resolutions = [10%*5, 10**6, 10%**7]




sieve_data = {}
for N in resolutions:
tl = time.time ()

sig = sigma_star_array (N)

n_arr = np.arange(N + 1, dtype=np.int64)

upns_idx = np.where((n_arr > 1) & (sig == 2 *x n_arr)) [0]

abundancy = np.zeros(N + 1)

abundancy[1:] = sig[1:].astype(np.float64) / n_arr[1:]

sieve_data[N] = dict(sig=sig, abundancy=abundancy,
upns=upns_idx.tolist (), time=time.time() - t1)

print (£" , N=1le{int(logl0O(N))}: solver=numpy SPF-sieve+iter, "
f'"runtime={sieve_data[N]['time']:.2f}s, "
f"UPNs={sieve_data[N]['upns']}")

ref_small = [u for u in sieve_datal[resolutions[0]]['upns'] if u <= 10%*%5]

agree = all([u for u in sieve_data[N]['upns'] if u <= 10x*5] == ref_small
for N in resolutions)

print (f",,Cross-resolution agreement on ,UPNs_ <=,1e5: ,{agree}")

print ("\n[B]_ Multiplicativityg,invariant, test,,"
"(analog, of energy conservation)")

N_max = resolutions[-1]

sig_max = sieve_data[N_max]['sig']

rng =

# ... [truncated]

7 Conclusion

The conjecture remains formally open. Numerical experiments support the conjecture — no
counterexamples were found across all tested parameter ranges. Further investigation (both formal

and empirical) is warranted.
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