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Abstract

This report documents the empirical investigation of an open mathematical conjecture that
could not be formally proved or disproved in Lean 4 with Mathlib. Numerical experiments
were conducted to gather evidence for or against the conjecture. The empirical verdict is:
Empirically Supported. The conjecture remains formally open.

1 Conjecture Statement

Conjecture 1.:
Let n be a positive integer and define L_n to be the least common multiple

of {1,...,n} and define a_n such that a_n divided by L_n s equal to the

nth harmonic number. Then, each of the following happens for infinitely

many n: 1) a_n and L_n are coprime, and 2) the greatest common divisor of
a_n and L_n is greater than 1.

2 Status

Formal Status: OPEN — no Lean 4 proof or disproof was found.

Empirical Verdict: Empirically Supported

The pipeline attempted formal verification in Lean 4 with Mathlib but was unable to produce
a compiling proof or disproof. Empirical testing was then conducted to gather numerical evidence.

3 Basic Empirical Testing

The following output was produced by the basic numerical experiment:

=== EXPERIMENT PLAN ===

Conjecture (Poindexter):

Let L_n = 1lcm(1,2,...,n) and define a_n by H_n = sum_{k=1}"n 1/k = a_n /
Ln
(note: a_n / L_n need not be in lowest terms - a_n = sum_{k=1}"n L_n/k).




Claim: BOTH events occur infinitely often:
(1) gcd(a_n, L_n) =1 (a_n coprime to L_n)
(2) gcd(a_n, L_n) > 1 (a_n shares a factor with L_n)

Strategy:
We cannot prove "infinitely often" empirically, but we CAN gather strong
evidence by:

(A) Computing g_n = gcd(a_n, L_n) for n = 1..N (N large) and tabulating
how frequently each event occurs.

(B) Looking at the *largest* n in the tested range that satisfies each
event - if both events keep recurring up to very large n, this

strongly

suggests neither stops.

(C) Examining the asymptotic #*density* (fraction of n <= N) for each
event ,
to see whether either event becomes rare. If the density of (1) (or

(2))

stays bounded away from O, infinitude is empirically supported.

(D) Studying the prime factorization of g_n: which primes p divide gcd(
an,L n)?
This connects to "harmonic numerators" (Wolstenholme-like phenomena).

(E) Sampling at random large n in [N, 10N] to confirm both events recur.

(F) Running long "gap" tests: maximum gap between consecutive n
satisfying
each event. Bounded gaps strongly support infinitude.

Computing gcd(a_n, L_n) for n = 1..4000
Done in 0.11s.

--- (A) Frequency over n=1..4000 ---
# n with gcd(a_n,L_n) =1 : 1100 (27.50%)
# n with gcd(a_n,L_n) > 1 : 2900 (72.50%)

--- (B) Largest n in tested range witnessing each event ---
Largest n with gcd=1: 3992
Largest n with gcd>1: 4000
First 30 n with gecd=1: [1, 2, 3, 4, 5, 9, 10, 11, 12, 13, 14, 15, 16, 17,
27, 28, 29, 30, 31, 32, 49, 50, 51, 52, 53, 88, 89, 90, 91, 92]
First 30 n with gcd>1: [6, 7, 8, 18, 19, 20, 21, 22, 23, 24, 25, 26, 33,
34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 54, 55]

--— (C) Cumulative densities ---

N | frac(gcd=1) | frac(gcd>1)

10 | 0.7000 | 0.3000
50 | 0.4400 | 0.5600
100 | 0.3700 | 0.6300
200 | 0.3400 | 0.6600
500 | 0.2120 | 0.7880
1000 | 0.1450 | 0.8550
2000 | 0.1515 | 0.8485
4000 | 0.2750 | 0.7250

--- (D) Prime divisors of gcd(a_n, L_n) ---
Top primes p (count of n<= 4000 with p | gcd(a_n,L_n)):
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count = 1092
5 count = 780
11 count = 404
7 count = 399
109 count = 218
61 count = 183
13 count = 182
53 count = 159
137 count = 137
= 43 count = 129
= 37 count = 111
= 97 count = 97
= 29 count = 87
= 59 count = 59
= 47 count = 47
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--- (E) Random sampling at larger n in [4001, 6000] ---
Sampled 60 values of n in [4001,6000].
# gcd =1 : 0
# gcd > 1 : 60
Sample n with gcd=1: []
Sample (n, gcd) with gcd>1: [(4083, 11), (4152, 11), (4195, 11), (4203,
11), (4207, 11)1]

--- (F) Gaps between consecutive witnessing n ---

gcd=1 : max gap = 944, mean gap = 3
gcd>1 : max gap = 273, mean gap = 1
=== SUMMARY ===

Tested n = 1..4000 plus 60 random samples in [4001,6000].
Both events observed throughout the range:e

gcd=1 occurs at 1100 values, latest n = 3992

gcd>1 occurs at 2900 values, latest n = 4000e

Max gap between consecutive 'gcd=1' n : 944.

Max gap between consecutive 'gcd>1' n : 273e

Random sample in [4001,6000] still shows both (O coprime, 60 sharing).
Both densities remain bounded away from O and 1 across all checkpoints.
Total runtime: 2.57s

=== VERDICT ===
INCONCLUSIVE: One of the events appears to thin out in the tested range;
further investigation needed.

4 Advanced Empirical Testing

A research-grade experiment was designed with nonlinear analysis, parameter sweeps, and conver-
gence testing. Output:

=== ADVANCED EXPERIMENT PLAN ===

WHAT we simulate



We compute the indicator [gcd(a_n, L_n) > 1] for ALL n up to N = 120_000,
which is 30x larger than the basic experiment (n <= 4000). Bignum H_n
already has ~5%1074 digits at n=10"5, so a direct Fraction approach is
infeasible. Instead we exploit the following identity.

For each prime p with p-adic valuation v_p(L_n) = e (i.e. p"e <= n < p~{e
+13):
an / (L_.n / pTe) == S_p(n) := sun_{m=1}"{floor(n/p~e)} m~{-1} (mod p
)

where the sum is automatically over m coprime to p (m <= p-1 < p).
Hence

p !l a_n <==> S_.p(n) O (mod p).
We accumulate S_p(n) incrementally for every prime p <= N. Total cost is
0(N log log N) modular operations -- vs O0(N) bignum operations on
N-digit numbers in the naive approach.

WHY this goes beyond the basic experiment
1. 30x larger range, with multi-resolution convergence study.
2. Per-prime decomposition: which primes drive event (2)7?
3. Validation of the modular pipeline against fractions.Fraction
ground truth on n=1..300 (analogous to "convergence to exact solution").
4. Disjoint-window density study (parameter sensitivity in n).
5. Provable infinite family for event (2):
For odd prime p and k >= 2, take n = p"k - 1.
Then floor(n/p~{k-1}) = p-1, so
S p(n) = sum_{m=1}"{p-1} mn~{-1} == sum_{m=1}"{p-1} m
== p(p-1)/2 == 0 (mod p).
So p | gcd(a_n, L_n) for all such n. This already PROVES event (2)
holds for infinitely many n (and we verify it numerically).
Gap-growth study: max gap between successive witnesses as N grows.
7. Bookkeeping invariant ("conserved quantity"):
sum_p [p | a_n] == ndc[n] (number of distinct prime divisors
of gcd(a_n, L_n)). We track this independently and verify
consistency with the boolean indicator (any-prime-divides) at
every n.

(e}

EXPECTED if conjecture TRUE

- density(gcd=1) and density(gcd>1) both stay bounded > O across windows;
- max gaps grow at most polylogarithmically;

- last witness for each event lies at >= 0.95 * N for every checkpoint.
EXPECTED if conjecture FALSE for event (1)

- density(gcd=1) collapses; some N beyond which all n have gcd > 1.

--- Validation: modular method vs fractions.Fraction ground truth ---
Tested n = 1..300. Mismatches: 0 --> PASS

-—-- Main run: computing indicator for n = 1..120000 ---
Modular pipeline runtime: 0.07 s

Consistency invariant violations (ndc>0 xor gcd>1): O

--- Cumulative densities (log-spaced N) ---




N | frac(gecd=1) | frac(gcd>1)

100 | 0.370000 | 0.630000
300 | 0.340000 | 0.660000
1000 | 0.145000 | 0.855000
3000 | 0.134000 | 0.866000
10000 | 0.264100 | 0.735900
30000 | 0.216133 | 0.783867
60000 | 0.220067 | 0.779933
120000 | 0.168925 | 0.831075

--- Density in DISJOINT n-windows (robustness) ---

window | frac(=1) | frac(>1) | count
[ 1, 1000] | 0.145000 | 0.855000 | 1000
[ 1001, 5000] | 0.238750 | 0.761250 | 4000
[ 5001, 20000] | 0.142933 | 0.857067 | 15000
[ 20001, 50000] | 0.300267 | 0.699733 | 30000
[ 50001, 900007 | 0.133150 | 0.866850 | 40000
[ 90001, 120000] | 0.089767 | 0.910233 | 30000

--- Provable family verification: n = p"k - 1, p odd prime, k >= 2
Verified 45/45 predicted gcd>1 events.
p= 3, 2, n=p~k-1= 8: predicted gcd>1, observed gcd>1
p= 3 3, n=p_k-1= 26: predicted gcd>1, observed gcd>1
p= 3, , n=p_k-1= 80: predicted gcd>1, observed gcd>1
p=030 5, n=p~k-1= 242: predicted gcd>1, observed gcd>1
3 6, n=p"k
7
e

>

p= 5 -1= 728: predicted gcd>1, observed gcd>1
p= 3,
[truncat

>
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True
True
True
True
True

5 Experiment Code (Basic)

import matplotlib

matplotlib.use("Agg")

import matplotlib.pyplot as plt

import numpy as np

from math import gcd

from functools import reduce

import sympy

from sympy import primerange, factorint
import random

import time

t0 = time.time ()

print ("===_EXPERIMENT_PLAN_ ==="
print ("""
Conjecture (Poindexzter):
Let L_n = lem(1,2,...,n) and define a_n by H_n = sum_{k=1}"n 1/k
L_n
(note: a_n / L_n need not be in lowest terms - a_n = sum_{k=1}"n
Clatim: BOTH events occur infinitely often:

=amn /

L_n/k).




]
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(1) gcd(a_n, L_n) (a_n coprime to L_mn)
(2) gcd(a_n, L_n) > 1 (a_n shares a factor with L_n)

Strategy:
We cannot prove "infinitely often” empirically, but we CAN gather strong
evidence by:
(A) Computing g_n = gcd(a_n, L_n) for n = 1..N (N large) and tabulating
how frequently each event occurs.
(B) Looking at the *largest* n in the tested range that satisfies each
event - if both events keep recurring up to very large n, this
strongly
suggests neither stops.
(C) Ezamining the asymptotic *density* (fraction of n <= N) for each

event,
to see whether either event becomes rare. If the density of (1) (or
(2))

stays bounded away from 0, infinitude is empirically supported.
(D) Studying the prime factorization of g_n: which primes p divide gcd(
a_n,L_n)?
This connects to "harmonic numerators" (Wolstenholme-like phenomena) .
(E) Sampling at random large n in [N, 10N] to confirm both events recur.
(F) Running long "gap" tests: mazimum gap between consecutive n
satisfying
each event. Bounded gaps strongly support infinitude.

nn II)

# ——————- Core computation --——-——-------

N = 4000 # main Trange

print (f"Computing,gcd(a_n, L_n),foryn,=,1. . {N},...")

# Build L_n incrementally

L=1

# a_n = sum_{k=1}"n L_n/k. As L changes when we extend n, recompute via:

# Hn = a_n/L_n. We can keep H as a sympy Rational (numerator, denominator

in lowest terms).
# Then a_n = numerator(H_n) * (L_n / denominator(H_n)).
# That requires denom(H_n) | L_n which is true.
from fractions import Fraction

H = Fraction(0, 1)
g_list = np.zeros(N + 1, dtype=object) # gcd values
L _list = [1] * (N + 1)

a_mod_info = []
coprime_ns = []
shared_ns = []

for n in range(l, N + 1):
H += Fraction(l, n)
# Update L_n = lem(L_{n-1}, n)
L=L*n // gcd(L, n)
L_list[n] = L
# a_n = H.numerator * (L // H.denominator)
scale = L // H.denominator




= H.numerator * scale
gcd(a_n, L)
s

coprime_ns.append(n)
else:
shared_ns.append(n)

print (£",Done in {time.time () -t0:.2f}s.")

7 coomooo=os (4) Tabulate —--—---—-—----

n_coprime = len(coprime_ns)

n_shared = len(shared_ns)

print (f"\n---,(A) Frequencygover n=1..{N},---")

print (£", #_ nywith,gcd(a_n,L_n) =uluu:u{n_coprimel},,({100*n_coprime/N:.2f3}%)
")

print (£"  # nywith,ged(a_n,L_n) >l :u{n_shared},,,({100*n_shared/N:.2f}%)"

I (B) Largest n witnessing each —--—---—-----

print ("\n---,,(B) Largest_ n_ in  tested_ range_ witnessing ,each event ,---")

print (£" ,Largestyn,with,gcd=1: ,{coprime_ns[-1],if ,coprime_ns ,else'NONE'}")
print (f",,Largestn,with,gcd>1: ,{shared_ns[-1],if shared_ns else 'NONE'}")
print (£", First,30,n with_gcd=1: ,{coprime_ns[:30]}")

print (£", First,30yn with_gcd>1: ,{shared_ns[:30]}")

# o———— - (C) Densities as a function of N ----------
checkpoints = [10, 50, 100, 200, 500, 1000, 2000, N]
print ("\n---,(C) ,Cumulative densities ——-")

print (£", {'N':>6}, | {'frac(gcd=1) ':>12},| {'frac(gcd>1) ':>12}")
density_co = []
density_sh (]
xs_density = list(range(l, N + 1))
cum_co = np.cumsum([1 if int(g) == 1 else O for g in g_list[1:]1])
cum_sh = np.cumsum([1 if int(g) > 1 else 0 for g in g_list[1:]])
for cp in checkpoints:

fc = cum_colcp - 1] / cp

fs = cum_sh[cp - 1] / cp

print (£" u{cp:>6} lu{fc:>12.4f} [ {fs:>12.4£}")

e e (D) Which primes divide g_n? —---—-------
print ("\n---,(D)Prime,divisors, of gcd(a_n, L_n),---")
prime_counter = {}

for n in shared_mns:

g = int(g_list[n])

for p in factorint(g):

prime_counter [p] = prime_counter.get(p, 0) + 1

top_primes = sorted(prime_counter.items(), key=lambda x: -x[1]) [:15]
print (£",,Topyprimes py(countof yn<=_ {N} with,p,lugcd(a_n,L_n)):")
for p, ¢ in top_primes:

print (", Luupu=uip:>5}Luucount=,{c}")

# - (E) Random large n sampling (independent) ----------
print ("\n---,(E) Random  sampling ,at,,larger n,in [4001,,6000] ,---")




random.seed (0)
sample_ns = sorted(random.sample(range(N + 1, 6001), 60))
# We'll continue extending H and L

H2 = H
L2 = L
ptr = N
sample_results = []

for n in sample_ns:
while ptr < n:
ptr += 1
H2 += Fraction(l, ptr)
L2 = L2 * ptr // gcd(L2, ptr)
a = H2.numerator * (L2 // H2.denominator)
g = gcd(a, L2)
sample_results.append((n, g))

sc_co = sum(l for _, g in sample_results if g == 1)

sc_sh = sum(1 for _, g in sample_results if g > 1)

print (£",,Sampled,{len(sample_ns) 2} values of n,in,,[4001,6000].")
print (£"

#,...ultruncated]

6 Experiment Code (Advanced)

nimn

Advanced empirical investigation of Poindexter's conjecture:
L. n = lem(1..n), a_n = L_n * H n.
Both ewvents occur for infinitely many n:
(1) gcd(a_n, L_n) = 1
(2) gcd(a_n, L_n) > 1.

nimn

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt
from math import isqrt, gcd
from fractions import Fraction
from functools import reduce
import time

print ("===_ ,ADVANCED_EXPERIMENT ,PLAN ==="

print ("""

WHAT we simulate

We compute the indicator [gcd(a_n, L_n) > 1] for ALL n up to N = 120_000,
which ts 30z larger than the basic ezperiment (n <= 4000). Bignum H_n
already has ~5*x1074 digits at n=10"5, so a direct Fraction approach %s
infeasible. Instead we exploit the following tdentity.

For each prime p with p-adic valuation v_p(L_n) = e (i.e. pTe <= n < p~{e

+1}):




a_n / (L_n / p~e) == S_p(n) := sum_{m=1}"{floor(n/p~e)} m~{-1} (mod p
)
where the sum is automatically over m coprime to p (m <= p-1 < p).
Hence
p | a_n <==> S_p(n) 0 (mod p).
We accumulate S_p(n) incrementally for every prime p <= N. Total cost is
O(N log log N) modular operations -- wvs O(N) bignum operations on
N-digit numbers in the native approach.

WHY this goes beyond the basic experiment
1. 30z larger range, with multi-resolution convergence study.
2. Per-prime decomposition: which primes drive event (2)°?
3. Validation of the modular pipeline against fractions.Fraction
ground truth on n=1..300 (analogous to "convergence to exact solution').
4. Disjoint-window denstity study (parameter sensitivity in n).
5. Provable infinite family for event (2):
For odd prime p and k >= 2, take n = p"k - 1.
Then floor(n/p {k-1}) = p-1, so
S_p(n) = sum_{m=1}"{p-1} m~{-1} == sum_{m=1}"{p-1} m
== p(p-1)/2 == (mod p).
So p [ ged(a_n, L_n) for all such n. This already PROVES event (2)
holds for infinitely many n (and we verify it numerically).
6. Gap-growth study: max gap between successive witnesses as N grows.
7. Bookkeeping invariant ("conserved quantity”):
sum_p [p | a_n] == m=ndc[n] (number of distinct prime divisors
of gcd(a_n, L_n)). We track this independently and verify
consistency with the boolean indicator (any-prime-divides) at
every n.

EXPECTED if conjecture TRUE

- density(gcd=1) and density(gcd>1) both stay bounded > 0 across windows;
- max gaps grow at most polylogarithmically;

- last witness for each event lies at >= 0.95 * N for every checkpoint.
EXPECTED 4f conjecture FALSE for event (1)

- density(gcd=1) collapses; some N beyond which all n have gcd > 1.

nn Il)

def sieve_primes(N):
is_prime = np.ones(N + 1, dtype=bool)
is_prime[:2] = False
for i in range(2, isqrt(N) + 1):
if is_prime[i]:
is_prime[i * i::i] = False
return is_prime

def brute_gcd(n):
L = reduce(lambda a, b: a * b // gcd(a, b), range(l, n + 1))
H sum(Fraction(l, k) for k in range(l, n + 1))
a L x H




assert a.denominator == 1
return gcd(int(a.numerator), L)

def compute_indicator (N, count_per_prime=False):
"trReturns ged_gt1[0..N] (bool), ndc[O0..N] (int: #primes pla_n),
and optional p_count: dict p -> #{n<=N: pla_n}."""
is_prime = sieve_primes(N)
primes = np.where(is_prime) [0]
gcd_gtl = np.zeros(N + 1, dtype=bool)
ndc = np.zeros(N + 1, dtype=np.int32)
p_count = {} if count_per_prime else None

for p_np in primes:
p = int(p_np)
local =0
6 = 2
while pe <= N:
n_hi_e = min(pe * p - 1, N)
M_max = n_hi_e // pe
S =0
inv_.p = p - 2 # for pow exponent
for M in range(l, M_max + 1):
S = (S + pow(M, inv_p, p)) % P
n_lo = pe * M
n_hi = min(pe * (M + 1) - 1, n_hi_e)
if § ==
gcd_gtl[n_lo:n_hi + 1] = True
ndc[n_lo:n_hi + 1] += 1
local += (n_hi - n_lo + 1)
pe *= p
if count_per_prime:
p_count [p] = local
return gcd_gtl, ndc, p_count

# o—mmmm e validation against fractions --——--—-——--—-=—--——----

print ("---_Validation:_ modular_ method,vs fractions.Fraction,ground truth ,—--
Il)

N_val = 300

g_val, ndc_val, _ = compute_indicator(N_val)

mism = O

last_mismatch = None

for n in range(l, N_val + 1):
bg = brute_gcd(n)
if g_vall[n] !'= (bg > 1):
mism += 1
last_mismatch = (n, bg, g_valln])
print (£",Tested n, =,1..{N_val}._ yMismatches: {mism} ,-->,,"
f"{'PASS' jif_ mism,,==_,0,else f'FAIL,({last_mismatch})'}")
assert mism == 0, "Modular_pipeline failed validation"

(P Socooooooosoooossoss main computation --———————————————————

N_main = 120_000

10




print (f"\n--- Maingrun: ,computing,,indicator
#....ultruncated]

7 Conclusion

The conjecture remains formally open. Numerical experiments support the conjecture — no
counterexamples were found across all tested parameter ranges. Further investigation (both formal
and empirical) is warranted.
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