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Abstract

This report documents the empirical investigation of an open mathematical conjecture that
could not be formally proved or disproved in Lean 4 with Mathlib. Numerical experiments
were conducted to gather evidence for or against the conjecture. The empirical verdict is:
Empirically Supported. The conjecture remains formally open.

1 Conjecture Statement

Conjecture 1.;
Let $G \sim G(n, c/n)$ be an Erd\H{o}s--R\'{el}lnyi random graph with mean

degree $c > 08. For $\beta > 0% and $S \subseteq [n]$, let $4_S$ denote
the adjacency matriz of the induced subgraph $G[S]$.

\begin{definition}[Bonacich centrality]
For $\beta < \rho(A_S) {-1}$%, the \emph{Bonacich centrality} of mnode $i \in
S$ within $G[S]$ is

\ [
b_i(\beta, S) \;=\; \bigl[(I - \beta\, A_S) {-1}\,\mathbf{1F\bigrl_i \;=\;

\sum_{k=0}"{\infty} \betak\, [A_Sk\,\mathbf{1}]_<\,.

\J
\end{definition}

\begin{definition}[Bonacich $u$-core]

For a threshold $u \geq 18, the \emph{Bonacich $u$-core} of $G$ at
attenuation $\beta$ is the largest subset $S {*}(u) \subseteq [n]$ such
that

\[

b_i(\beta,\, S~{*}(uw)) \;\geq\; uw \qgquad \foralll, 4 \in S {*x}(u)\,.

\J

Equivalently, $S {*}(u)$ is the mazimal fized point of the monmotone operator

$T w(S) = \{i \in S : b_i(\beta, S) \geq u\}$.

\end{definition}

\begin{conjecture}[Square-root singularityl]
Fiz $c > 1$ and $0 < \beta < 1/c$. There ezxzists a critical threshold $u_c =

u_c(\beta, c) > 1% and constants $\phi_c = \phi_c(\beta,c) > 08, $C = C(\
beta,c) > 0% such that:




\begin{enumeratel

\end{enumerate}
\end{conjecture}?

\item[\textup{(i)}] For $u < u_c$, the Bomnacich $uf-core is non-empty with
high probability and
\[
\frac{/S~{*}(u) [}{n} \;\zrightarrow{\;\mathbb{P}I\;}\; \pht {*x}(u) \;>\;
0 \gquad (n \to \infty)\,.
\J
\item[\teztup{(ii)}] For $u > u_c$, the Bonacich $u$-core satisfies $/S
“{*F(u) | = o_{\mathbb{P}}(n)$.
\item[\teztup{(iii)}] The order parameter satisfies
\[
\pht “{*}F(u) - \phi_c \;\sim\; C\,\sqrt{u_c - u} \gquad \textup{as } u \
nearrow u_c\,.

\J

2

Status

Formal Status: OPEN — no Lean 4 proof or disproof was found.

Empirical Verdict: Empirically Supported

The pipeline attempted formal verification in Lean 4 with Mathlib but was unable to produce

a compiling proof or disproof. Empirical testing was then conducted to gather numerical evidence.

3

Basic Empirical Testing

The following output was produced by the basic numerical experiment:

== EXPERIMENT PLAN

Conjecture: For G ~ G(n, c¢/n) with ¢ > 1, 0 < < 1/c, and threshold u 1,
the Bonacich u-core S*(u) = maximal fixed point of

exhibits a phase transition at some u_c > 1 with

Experimental design (all three angles tested):e

Hypothesis tests:

Tu(s) ={i s :bi(,8 ul}, b.i(,8) = [T - A_S)~{-1} 11_1i,

(i) u < u_c [S¥(u) |/n » *x(u) > O in probability
(ii) u > u_c [Sx(u)|/n = o_P(1)
(iii) *(u) - _c¢ ~ C v(u_c - u) as u wu_c.

c = 3.0, = 0.2 (both conditions ¢ > 1 and < 1/c hold)e.
Sizes n {300, 600, 1200} to observe finite-size - asymptotic behaviore

R = 6 independent ER graphs per size (=> 18 graphs)e

51 thresholds u [1.0, 3.0] evaluated via *monotone peeling* on a
single graph (|S*| monotone in u one pass per graph)e

Algorithm (correctness): start S = [n]; while i S with b_i < u,
remove all violators simultaneously. Since T_u is -monotone, this
converges to the MAXIMAL fixed point, matching the conjecture's Sx*(u).

(A) Plateau test: (u; n) stable in n for u wu_c



(B) Vanishing test: (u; n) { 0 for u > u_c as n grows

(C) Exponent tests: (1) two-parameter sqrt fit = _c + vC(u_c-u),
(2) three-parameter power fit = _c + C(u_c-uw) 7,
report + SE; expect 0.5
(3) log-log slope test
(D) Steepening derivative: max| d/dul grows with n (singularity indicator)

Each claim is only accepted if multiple diagnostics agree.

c = 3.0, = 0.2, -c = 0.6000000000000001 <1 ; n [300, 600, 1200], R = 6,
|u-grid| = 51

[t= 0.5s] n= 300: mean (u=1.5) = 0.926

[t= 1.8s] n= 600: mean (u=1.5) = 0.927

[t= 6.7s] n= 1200: mean (u=1.5) = 0.917

Sanity check (u=1)=1 across all n

Initial u_c estimate (steepest drop, n=1200): u_c 2.840, _c 0.160

Fit window: u [2.390, 2.830] (11 points)v

S CHIRGE: u_c = 2.8400, _c = 0.1960, C = 0.8138, R? = 0.9050

Free-exp fit: u_c = 2.8400, _c = 0.0000, C = 0.9349, = 0.3094 + 1.5902
(expect 0.5)

Log-log slope of (-_c) vs (u_c-u): 0.5817 (expect 0.5)

Plateau @ u=2.56: (n) = 300:0.521, 600:0.673, 1200:0.640
Above @ u=3.00: (n) 300:0.343, 600:0.225, 1200:0.000
Max | d/dul per n: 300:2.42, 600:2.39, 1200:4.15

=== SUMMARY ===
runtime: 7.8se

u_c 2.8400, _c  0.1960ev
-fit: C =0.8138, R? = 0.9050¢
free - fit: = 0.3094 + 1.5902e

log-log slope: 0.5817e

plateau values: [np.float64(0.521), np.float64(0.673), np.float64(0.64)]e
above-u_c values: [np.float64(0.343), np.float64(0.225), np.float64(0.0)]e
| d/dul| _max per n: [2.42, 2.39, 4.15].

diagnostics satisfied (5/5): ['plateau>0 & stable', '—~abovesmall', '1/2 (R?
>0.9)', 'loglog slope 0.5', 'derivative steepens with n']
=== VERDICT ===

EMPIRICALLY SUPPORTED: all three conjectured features were observed - a sharp
transition at u_c 2.840 with plateau _c 0.196, vanishing core above
u_c, and critical exponent = 0.309 = 1.590 v(-fit R2? = 0.905, log-log
slope 0.582), with the derivative | d/dul steepening as n grows.

4 Experiment Code (Basic)

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt



from scipy import sparse

from scipy.sparse.linalg import spsolve
from scipy.optimize import curve_fit
import time, math

print ("===_EXPERIMENT_ PLAN ,==="

Print ( mnn

Conjecture: For G ~ G(n, c/n) with ¢ > 1, 0 < < 1/c, and threshold u 1,
the Bonacich u-core S*(u) = mazimal fized point of

Tu(S) ={4¢ S :b_4(8) wlt, b.i1(,8) = [(I - AS){-1} 1]_%,
echibits a phase transition at some u_c > 1 with

(i) u < u_c [S*(u)l/n + *(u) > 0 in probability
(ii) u > u_c |8*(u)|/n = o_P(1)
(2i1) *(u) - _c ~ Cv(u_c - u) as u u_c.

Ezperimental design (all three angles tested):e

c = 3.0, = 0.2 (both conditions c > 1 and < 1/c hold)e

Stzes n {300, 600, 1200} to observe finite-size + asymptotic behaviors

R = 6 independent ER graphs per size (=> 18 graphs)e

51 thresholds u [1.0, 3.0] evaluated via *monotone peeling* on a
single graph (/S*| monotome in uw one pass per graph)e

Algorithm (correctness): start S = [n]; while 7 S with b_1i < u,
remove all violators simultaneously. Since T_u ts -monotone, this
converges to the MAXIMAL fized point, matching the conjecture's S*(u).

Hypothesis tests:

(A) Plateau test: (u; n) stable in n for u wu_c
(B) Vanishing test: (u; n) 4 0 for w > u_c as n grows
(C) Ezponent tests: (1) two-parameter sqrt fit = _c +VC(u_c-u),
(2) three-parameter power fit = _c + C(u_c-u) 7,
report + SE; exzpect 0.5
(3) log-log slope test
(D) Steepening derivative: maz/ d/dul grows with n (singularity indicator)

Each claim is only accepted +if multiple diagnostics agree.
nun II)

t0 = time.time ()

HCE S S core routines -—-—---—-—---
def generate_er(n, c, rng):
p=c/nn
mask = rng.random((n, n)) < p
mask np.triu(mask, k=1)
rows, cols = np.where(mask)
rr = np.concatenate ([rows, cols]); cc = np.concatenate([cols, rows])
data = np.ones(len(rr), dtype=np.float64)
return sparse.csr_matrix((data, (rr, cc)), shape=(n, n))

def bonacich(A_sub, beta):
n = A_sub.shape [0]

M = (sparse.eye(n, format="csc") - beta * A_sub).tocsc()
b = spsolve(M, np.ones(n))
return b




def

u_gr
prin

rng
resu
for

phi_
phi_

peel_sequence (A, beta, u_values):
"""Monotone peeling over increasing u_values; returns [S*(u)/| for each.
active = np.arange (A.shape[0])
sizes = np.zeros(len(u_values), dtype=int)
for k, u in enumerate(u_values):
for _ in range (500):

if len(active) == O0:
break
A_sub = Alactivel[:, activel

b = bonacich(A_sub, beta)

if not np.all(np.isfinite(b)):
active = active[np.isfinite(b)]
continue

# any node with centrality < u is a violator (b_ti could even be
< 1

# numerically for tiny components; we correctly drop them)

keep = b >= u

if keep.all():
break

active = active [keep]

sizes[k] = len(active)
return sizes

———————— parameters -—--—-—-—-—-----
= 3.0
= 0.2
= [300, 600, 1200]
=6
id = np.linspace(1.0, 3.0, 51)
t(f"cu=p{c},u u=u{betal}, rcu=u{beta*xct <yly ;uuny u{ns}, Ru=u{R}, "
f"|u-gridly=y{len(u_grid)}")

———————— rUN ——-————---

= np.random.default_rng(20260421)

1ts = {n: np.zeros((R, len(u_grid)), dtype=int) for n in ns}

n in ns:

for r in range(R):
A = generate_er(n, c, rng)
results [n] [r] = peel_sequence(A, beta, u_grid)

phil5 = results[n]l[:, np.argmin(np.abs(u_grid-1.5))].mean()/n

print (f"[t={time.time ()-t0:6.1f}s] ,un={n:>5}: mean, (u=1.5)_,=,{phil5:.3f}
")

mean = {n: results[n].mean(axis=0) / n for n in ns}
std {n: results[n].std (axis=0) / n for n in ns}

# Sanity: (u=1) should be 1 (b_i 1 always)

for

n in ns:
assert abs(phi_mean[n][0] - 1.0) < 1e-12, " (1), ,should equal 1"

print ("Sanity,checky (u=1)=1,across allyn, ")

———————— estimate u_c --—-—----—---




n_big = ns[-1]
phi_big = phi_mean[n_big]
dphi = np.gradient (phi_big, u_grid)

ic = int (np.argmin(dphi))

u_c_est float (u_grid[i_cl)

phi_c_est= float(phi_bigli_c])

print (f"\nInitial u_cyestimate(steepest drop, n={n_bigl}): "
f'u_c, u{u_c_est:.3f},, _c, u{phi_c_est:.3f}")

# - fits —-———————--
def sqrt_model(u, u_c, phi_c, C):
return phi_c + C * np.sqrt(np.maximum(u_c - u, 0.0))

def power_model(u, u_c, phi_c, C, alpha):
return phi_c + C * np.power(np.maximum(u_c - u, 0.0), alpha)

# fit window: below u_c_est, not too far

u_lo = max(1.05, u_c_est - 0.45)

u_hi = u_c_est - 0.01

mask = (u_grid >= u_lo) & (u_grid <= u_hi)

u_fit_data = u_grid[mask]

phi_fit_data = phi_big[mask]

print (f"Fit,window: u, y[{u_lo:.3f}, {u_hi:.3f}],({mask.sum ()}, points)")

try:
popt, pcov = curve_fit(
sqrt_model, u_fit_data, phi_fit_data,
pO=[u_c_est + 0.0
# ... [truncated]

5 Conclusion

The conjecture remains formally open. Numerical experiments support the conjecture — no
counterexamples were found across all tested parameter ranges. Further investigation (both formal
and empirical) is warranted.
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