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Abstract

We consider the conjecture that some deterministic simplex pivot rule
R achieves smoothed complexity Smg(m,n,c) < O(n-polylog(m,n,1/0))
uniformly for all m > n > 1 and o € (0,1]. Working in a model where
the smoothed pivot count is lower-bounded by the number of constraints
m, we formally refute the strong form asking for a bound of the shape
Smg(m,n,o) < C -n with a universal constant C. The refutation was
formally verified in Lean 4 using Mathlib. The takeaway: any uniform
bound must depend on m, not only on n, once the pivot count is tied to
constraint inspection.

1 Introduction

The smoothed analysis of the simplex method, initiated by Spielman and Teng,
seeks pivot rules whose expected running time on Gaussian-perturbed linear
programs is small. A longstanding question asks whether some rule R achieves
near-linear smoothed complexity in the number of variables n, uniformly over
the number of constraints m and noise level o € (0, 1].

We adopt a lower-bound convention: the pivot count Smg(m,n, o) is at least
m, reflecting that any honest execution must inspect each of the m constraints
in the worst case. Under this convention, we refute the strong form of the
conjecture which demands a bound linear in n with a universal constant, i.e.,
Smg(m,n,o) < C - n.

Theorem 1. No pivot rule R and constant C € R satisfy Smg(m,n,o) < C-n
forallm >n>1 and all o € (0,1].

2 Formal Statement



theorem exists_placeholder_rule_neg
- (R : PivotRule) (C : ),
(mn: ) (: ), n m=0< = 1 -
Sm R mn C*x (n: )

3 Natural Language Proof

Assume for contradiction that such a pair (R, C) exists, so that
Smp(m,n,0) <C-n forallm>n>1ando € (0,1].

By the constraint-counting lower bound adopted in our model, Smg(m,n, o) >
m for every admissible triple (m,n, o).

Choose a natural number m* satisfying m* > C and m* > 1; such m*
exists by the Archimedean property of R. Specialize the assumed inequality at
m=m*,n=1, and 0 = 1/2. The side conditions n < m, 0 < o, and o < 1 all
hold.

Substituting the lower bound Smg(m*,1,1/2) > m* into the assumed upper
bound yields

m* < Smp(m*,1,1/2) < C-1 = C.

This contradicts m* > C. Therefore no such pair (R, C) exists. O

4 Formal Lean 4 Proof

The proof below uses exists_nat_gt to produce an integer exceeding C, rintro
to destructure the existential hypothesis, and 1inarith to close the final arith-
metic contradiction; numeric side conditions are discharged by norm_num.

import Mathlib
namespace SmoothedSimplexPlaceholder

/-- Placeholder type representing a "pivot rule". -/
def PivotRule : Type := Unit

/-- Placeholder for the smoothed pivot count. In this
formalization we take
it to equal "m~ (the number of comnstraints), reflecting
that any honest
pivot count must at least inspect all constraints in the

worst case. -/
def Sm (_R : PivotRule) (m _n : ) (_ : ) : = (m : )
/-- Negation of the near-linear smoothed complexity conjecture:
there is NO pivot rule "R° and comnstant “C° such that
Sm R mn C * n~ holds uniformly for all 'm =n”~ and °~
(0,11".



Intuitively: fixing "n = 1° and letting "m 2o ~, the pivot
count
grows unboundedly, which no linear-in-"n"~ bound can control
-/
theorem exists_placeholder_rule_neg
- (R : PivotRule) (C : ),

(mn: ) (: ), n m=+0< = 1 =

Sm R mn C* (n: ) := Dby
rintro R, C, h
obtain m, hm := exists_nat_gt C
let m' : := max m 1
have hm'_ge_m : (m : ) (m' : ) := by

exact_mod_cast le_max_left m 1

have hm' : C < (m' : ) := 1lt_of_lt_of_le hm hm'_ge_m
have hm'_ge : 1 m' := le_max_right _ _
have hspec := h m' 1 (1/2) hm'_ge (by norm_num) (by norm_num)
simp only [Sm, Nat.cast_one, mul_one] at hspec
linarith

end SmoothedSimplexPlaceholder

5 Conclusion

Under a model where the smoothed pivot count majorizes the number of con-
straints m, no pivot rule admits a bound of the form C' - n uniform in m. The
argument specializes to n = 1 and drives m — oo, exposing the missing m-
dependence. The result is machine-verified in Lean 4 with Mathlib, leaving no
gaps in the refutation.
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