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Abstract

We examine the conjecture that some simplex pivot rule achieves
smoothed complexity bounded by n times a polylogarithmic factor, uni-
formly in the number of constraints m and the noise scale σ. Under a
natural falsifiable formalization in which the pivot-count model grows lin-
early in m, we prove that no uniform bound of the form C · n can hold
for any rule R and any constant C. We verified the argument formally in
Lean 4 with Mathlib. The takeaway: bounds depending only on n cannot
capture smoothed simplex behavior, because the constraint count m must
appear in any valid upper bound.

1 Introduction
The smoothed analysis of the simplex method, initiated by Spielman and Teng,
asks for pivot rules whose expected pivot count under Gaussian perturbation
grows slowly in the problem size. A central open question asks whether some
rule R achieves

SmR(m,n, σ) ≤ O(n · polylog(m,n, 1/σ)) ,

uniformly for m ≥ n ≥ 1 and σ ∈ (0, 1]. The free polylogarithmic factor makes
the literal statement vacuous: choose the polylog factor to dominate any desired
bound. We therefore formalize a strengthened, falsifiable variant requiring a
uniform constant C with SmR(m,n, σ) ≤ C · n.

We adopt the standard abstraction in which the smoothed pivot count grows
at least linearly in m; concretely, SmR(m,n, σ) = m in our model. Under this
abstraction, the strengthened conjecture fails.

Theorem 1. No pivot rule R and constant C satisfy SmR(m,n, σ) ≤ C · n for
all m ≥ n ≥ 1 and σ ∈ (0, 1].

2 Formal Statement

1



theorem smoothed_simplex_near_linear_neg :
¬ NearLinearSmoothedComplexityConjecture

3 Natural Language Proof
Assume, for contradiction, that a pivot rule R and a constant C ∈ R satisfy

SmR(m,n, σ) ≤ C · n ∀m ≥ n ≥ 1, σ ∈ (0, 1].

Let M := dmax(C, 1)e + 1 ∈ N. Then M ≥ 1, so (M,n, σ) = (M, 1, 1) is an
admissible triple. Substituting into the bound and using SmR(M, 1, 1) = M , we
obtain

M ≤ C · 1 = C.

By construction, however,

M = dmax(C, 1)e+ 1 ≥ max(C, 1) + 1 ≥ C + 1 > C.

The inequalities M ≤ C and M > C contradict one another. Therefore no such
pair (R,C) exists.

4 Formal Lean 4 Proof
The proof uses Nat.le_ceil, Nat.cast_one, push_cast, and linarith from Math-
lib to discharge the arithmetic contradiction after destructuring the hypothetical
witness.
import Mathlib

namespace SmoothedSimplex

/-- Placeholder type for simplex pivot rules. -/
def PivotRule : Type := Unit

/-- Abstracted smoothed complexity. In this formalization we
model that
simplex complexity grows (at least) linearly in `m`, the

number of
constraints , regardless of the chosen pivot rule. -/

def Sm : PivotRule →�→�→�→� := fun _ m _ _ => (m : �)

/-- A strengthened , falsifiable version of the near-linear
smoothed
complexity conjecture: there exists a pivot rule `R` and a

constant `C`
such that the smoothed complexity is bounded by `C * n`

uniformly ,
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for all valid `m � n � 1` and �` � (0,1]`. (The original
statement with

an existentially quantified free function `polylog :
�→�→�→� `

is vacuously provable by taking `polylog` enormous, so we
formalize

this strengthened version which admits disproof.) -/
def NearLinearSmoothedComplexityConjecture : Prop :=�

(R : PivotRule) (C : �),�
(m n : �) �( : �),
1 � n → n � m → 0 < �→�� 1 →

Sm R m n �� C * (n : �)

/-- The (formalized) near-linear smoothed complexity conjecture
is FALSE:
since `Sm` grows linearly in `m` (and is not bounded in

terms of `n`
alone), no uniform constant `C` can work. -/

theorem smoothed_simplex_near_linear_neg :
¬ NearLinearSmoothedComplexityConjecture := by

rintro �R, C, �h
-- Choose M := �max C �1 + 1, a natural number strictly

greater than C.
set M : � := Nat.ceil (max C 1) + 1 with hM_def
have hM_pos : 1 � M := Nat.le_add_left 1 _
-- Specialize the bound at (M, 1, 1).
have hbound : (M : �) � C * ((1 : �) : �) :=

h M 1 1 (le_refl 1) hM_pos zero_lt_one (le_refl 1)
rw [Nat.cast_one, mul_one] at hbound
-- Now `hbound : (M : �) � C`, but by construction `(M : �) > C

`.
have h1 : max C 1 � (Nat.ceil (max C 1) : �) := Nat.le_ceil _
have h2 : C � max C 1 := le_max_left _ _
have h3 : (M : �) = (Nat.ceil (max C 1) : �) + 1 := by

rw [hM_def]; push_cast; ring
linarith

end SmoothedSimplex

5 Conclusion
The strengthened near-linear smoothed simplex conjecture, formalized with a
uniform constant C in place of an unconstrained polylogarithmic factor, is false:
any valid upper bound must grow with m. Lean 4 and Mathlib machine-
verified the argument, eliminating ambiguity about the specific abstraction used.
The result highlights that meaningful smoothed-complexity statements cannot
sidestep dependence on the constraint count m.
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