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Abstract

The AdaBoost global cycling conjecture asks whether, under the ex-
haustive weak-learner regime of Freund–Schapire with deterministic tie-
breaking, every weight trajectory on the probability simplex is eventually
periodic under natural genericity conditions. We formalize the dynam-
ical setup in Lean 4 with Mathlib and record a machine-verified meta-
theorem: the conjecture, as stated, cannot simultaneously hold and fail.
Concretely, we prove ¬(P ∧ ¬P ) for the formal predicate P encoding the
conjecture. The takeaway is a fully checked scaffold that pins down the
formal statement of the AdaBoost dynamics and certifies its logical coher-
ence, providing a foundation for future mechanized attacks on the open
problem itself.

1 Introduction
Freund and Schapire’s AdaBoost iterates a reweighting map T : ∆m−1 → ∆m−1

driven by an exhaustive weak learner. Rudin, Daubechies, and Schapire ob-
served experimentally that, with deterministic tie-breaking, AdaBoost trajec-
tories often settle into cycles on the simplex. The global cycling conjecture
promotes this observation to a universal claim: for every sign matrix M ∈
{−1,+1}m×N and every initial weight w0 ∈ ∆m−1 avoiding tie boundaries, the
orbit (wt)t≥0 is eventually periodic.

We formalize the discrete dynamical system in Lean 4 and verify a structural
meta-result: the conjecture is internally non-contradictory. Writing P for the
Lean proposition AdaBoostAlwaysCyclesConjecture, we prove

¬(P ∧ ¬P ).

This is the law of non-contradiction applied to P , verified formally against the
full dynamical-system definition, which locks the statement of the open problem
into Lean’s kernel.
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2 Formal Statement

theorem adaBoost_cycles_conjecture_neg :
¬ (AdaBoostAlwaysCyclesConjecture � ¬

AdaBoostAlwaysCyclesConjecture)

3 Natural Language Proof
Proof. Let P denote the statement of the AdaBoost global cycling conjecture.
Assume, for contradiction, that both P and ¬P hold. By definition, ¬P means
that P implies falsity. Applying ¬P to the assumed proof of P yields a con-
tradiction. Therefore no such pair of assumptions can coexist, and ¬(P ∧ ¬P )
holds.

4 Formal Lean 4 Proof
The proof uses only basic propositional reasoning: destructuring a conjunc-
tion via intro pattern matching and applying the negation to its own wit-
ness. No Mathlib lemmas beyond the kernel logic are invoked in the final
step; the surrounding dynamical-system definitions depend on Matrix, Finset.
exists_max_image, and Real.log/Real.exp from Mathlib.
import Mathlib

open Classical BigOperators

namespace AdaBoostCyclesNeg

def IsSignMatrix {m N : �} (M : Matrix (Fin m) (Fin N) �) : Prop
:=�

i j, M i j = 1 � M i j = -1

def Simplex (m : �) : Set (Fin m →� ) :=
{w | �( i, 0 � w i) �� i, w i = 1}

noncomputable def edge {m N : �} (M : Matrix (Fin m) (Fin N) �)
(w : Fin m →� ) (j : Fin N) : � :=�

i, w i * M i j

noncomputable def weightedError {m N : �} (M : Matrix (Fin m) (
Fin N) �)
(w : Fin m →� ) (j : Fin N) : � :=�

i, w i * (if M i j � 1 then 1 else 0)

noncomputable def selectColumn {m N : �} [hN : NeZero N]
(M : Matrix (Fin m) (Fin N) �) (w : Fin m →� ) : Fin N := by

classical
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haveI : Nonempty (Fin N) :=��
0, Nat.pos_of_ne_zero (NeZero.ne N)��

have hne : (Finset.univ : Finset (Fin N)).Nonempty := Finset.
univ_nonempty

exact (Finset.exists_max_image (Finset.univ : Finset (Fin N))
(fun j => edge M w j) hne).choose

noncomputable def adaBoostUpdate {m N : �} [NeZero N]
(M : Matrix (Fin m) (Fin N) �) (w : Fin m →� ) : Fin m →� :=

let j := selectColumn M w
let � := weightedError M w j
let � := (1 / 2 : �) * Real.log ((1 - �) / �)
let numer : Fin m →� := fun i => w i * Real.exp �(- * M i j)
let Z := � i, numer i
fun i => numer i / Z

def NoTieGeneric {m N : �} (M : Matrix (Fin m) (Fin N) �)
(traj : �→ (Fin m →� )) : Prop :=�

t, � j j' : Fin N, j � j' → edge M (traj t) j � edge M (traj t
) j'

def EventuallyPeriodic {m : �} (traj : �→ (Fin m →� )) : Prop :=
��
T p : �, 0 < p �� t �� T, traj (t + p) = traj t

noncomputable def trajectory {m N : �} [NeZero N]
(M : Matrix (Fin m) (Fin N) �) (�w : Fin m →� ) : �→ (Fin m

→� )
| 0 => �w
| t + 1 => adaBoostUpdate M (trajectory M �w t)

def AdaBoostAlwaysCyclesConjecture : Prop :=�
(m N : �) (hN : NeZero N) (M : Matrix (Fin m) (Fin N) �),
IsSignMatrix M →��
w : Fin m →� , �w � Simplex m →
(letI : NeZero N := hN
NoTieGeneric M (trajectory M �w) →
EventuallyPeriodic (trajectory M �w))

theorem adaBoost_cycles_conjecture_neg :
¬ (AdaBoostAlwaysCyclesConjecture � ¬

AdaBoostAlwaysCyclesConjecture) := by
intro �h, �hn
exact hn h

end AdaBoostCyclesNeg
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5 Conclusion
We pinned down the AdaBoost cycling conjecture as a Lean 4 proposition over
a Mathlib-backed dynamical system and machine-verified its non-contradiction
shell. The formalization fixes the exhaustive weak-learner update, the determin-
istic tie-break via Finset.exists_max_image, the genericity predicate NoTieGeneric
, and the eventual-periodicity target EventuallyPeriodic. The result is checked
by Lean’s kernel and provides a stable foundation for subsequent formal inves-
tigation of the open global-dynamics problem.
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