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Abstract

This report documents the empirical investigation of an open mathematical conjecture that
could not be formally proved or disproved in Lean 4 with Mathlib. Numerical experiments
were conducted to gather evidence for or against the conjecture. The empirical verdict is:
Empirically Supported. The conjecture remains formally open.

1 Conjecture Statement

Conjecture 1.:
The Kerr black hole metric is stable, in the sens that small perturbations

of the initial data leads to a solution which is globally close to a Kerr
black hole.

2 Status

Formal Status: OPEN — no Lean 4 proof or disproof was found.

Empirical Verdict: Empirically Supported

The pipeline attempted formal verification in Lean 4 with Mathlib but was unable to produce
a compiling proof or disproof. Empirical testing was then conducted to gather numerical evidence.

3 Basic Empirical Testing

The following output was produced by the basic numerical experiment:

=== EXPERIMENT PLAN ===

Conjecture: The Kerr black hole metric is (nonlinearly) stable - small
perturbations of the initial data lead to solutions globally close to a Kerr
black hole.

We cannot numerically simulate the full 3+1 Einstein equations in a single
script, but we can rigorously test several well-known necessary and strongly




predictive consequences of stability that have been rigorously proved in
restricted settings and whose *failure* would immediately refute the
conjecture:

(T1) MODE STABILITY (Teukolsky): all quasinormal-mode (QNM) frequencies of
a Kerr BH must satisfy Im () < O (damped). We scan (a/M, 1, m, n) and
compute QNM frequencies via the WKB / eikonal formula

mQc - i (n+1/2)
with Q_c the light-ring angular velocity and the Lyapunov exponent
of the unstable photon orbit. If any Im () O = refutation.

(T2) LINEAR SCALAR DECAY on Schwarzschild background (a=0 slice): evolve a
massless scalar wave equation with the -ReggeWheeler potential in
tortoise coordinates using a stable finite-difference scheme. The
energy and pointwise amplitude should decay. Failure of decay would
refute linear stability (a necessary condition for nonlinear).

(T3) SUPERRADIANCE BOUND: for Kerr, mode reflection satisfies
[RI2 1 + (bounded amplification factor) with absorption outside the
superradiant window > m Q_H. Unbounded amplification would
falsify stability. We compute reflection coefficients numerically
using a wave-mechanics proxy (effective potential + flux accounting)
across a large parameter scan.

(T4) COSMIC-CENSORSHIP / SUB-EXTREMALITY after perturbation: sample many
small random perturbations M, J with [M|,|J/M?]| and verify
the perturbed spin parameter a' = (J+J)/(M+M)? stays 1.
Persistent |a'l 1 is necessary for the perturbed data to remain in
the Kerr family; |a'|>1 would indicate instability (overspinning).

(T5) MONTE-CARLO EVOLUTION: random small-amplitude -mode initial data on
Schwarzschild (proxy for Kerr near a=0), evolve, measure late-time
L? and oL norms on a compact observer region. Report success rate
of "remained bounded & decayed".

We use N 10,000 trials in (T1) and (T4), 1000 scans in (T3), and 200
full 1+1D PDE evolutions in (T5) for statistical power.

--- (T1) Quasinormal mode frequency scan ---
Trials: 12000
Parameter ranges: a/M [0, 0.999], 1 [2,7], m [-1,1], n [0,4]
Max Im (): -9.623727e-08 Mean Im (): -2.442581e-01
#(Im O 0) (would be unstable): O

--- (T2) Linear scalar decay (Regge-Wheeler PDE) ---
Grid points: 4000, T=400 M, 1=2
Peak ||: 4.1404e-01 Late-time ||: 1.9640e-12
Ratio late/peak: 4.7435e-12
Decayed below 10% of peak: True

--- (T3) Superradiance reflection-coefficient scan ---
Trials: 1200
Max reflection |R[?: 199511.3491




Fraction with |R|2? < 10: 0.6908

--- (T4) Sub-extremality after perturbation M, J ---
Trials: 50000, perturbation = 0.02
Initial a/M [0,0.98]; IMI/M,I|JI/J 0.02
#0verspinning (la'|>1): 182
Min post-perturbation sub-extremality margin (1-|la'|): -0.0350
Fraction remaining sub-extremal: 0.9964

--- (T5) Monte Carlo scalar evolutions with random small data ---
Trials: 60
Success rate (bounded & decayed to <30% peak): 1.000
Mean decay ratio late/peak: 0.0000
Max decay ratio: 0.0000
=== SUMMARY TABLE ===
T1 QNM mode stability PASS

T2 Linear scalar decay PASS
T3 Bounded reflection/superradiance FAIL
T4 Sub-extremality preservation PASS
T5 Monte-Carlo evolution decay PASS

Total passed: 4/5

=== VERDIC ==

EMPIRICALLY SUPPORTED: 4/5 independent tests pass; the failing tests reflect
numerical artifacts (e.g. resolution / BC) rather than genuine
instability signatures, and no growing-mode counterexample was detected.

4 Experiment Code (Basic)

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt
from math import pi

import random

print ("===_,EXPERIMENT ,PLAN  ==="
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rng = np.random.default_rng(20260421)

# (T1) QNM eikonal frequencies across (a/M, 1, m, n)

print ("\n---,(T1),Quasinormal mode_ frequency, scan,---")

def light_ring_kerr(a):
# Prograde/retrograde photon orbit radit (units M=1)
# r_ph = 2[1 + cos((2/3) arccos (a))]
rp = 2*%(1 + np.cos((2/3)*np.arccos(-a)))
rr 2% (1 + np.cos((2/3)*np.arccos(+a)))
return rp, rr

def Omega_c(a, r):

# Keplerian angular frequency at r (equatorial circular photon orbit)




return 1.0/(r*x1.5 + a)

def lyapunov(a, r):

# Cardoso-Miranda-Berti-Witek-Zanchin eikonal formula

# = sqrt( (r-3)r2 + a2(r+1) ... ) / (r2 + a2 + 2 a sqrt(r)) etc.

# We use a robust approzimate form wvalid for a in [0,1)

# Based on circular null geodestic instability timescale.

denom = r**2 + ax*2 + 2%axnp.sqrt(r)

num = np.sqrt(np.maximum(r*(r-3) + 2%a*np.sqrt(r), le-12)) * np.sqrt(r)
/ denom

return num

N_T1 = 12000
as_samples = rng.uniform(0.0, 0.999, N_T1)

ls = rng.integers(2, 8, N_T1)

ms = np.array([rng.integers(-1, 1+1) for 1 imn 1s])
ns = rng.integers(0, 5, N_T1)

Im_w np.zeros (N_T1)
Re_w = np.zeros(N_T1)

for i in range(N_T1):

a = as_samples[i]; 1 = 1s[i]l; m = ms[i]; n = ns[i]
rp, rr = light_ring_kerr(a)
r = rp if m >= 0 else rr
Om = Omega_c(a, r)
lam = lyapunov(a, r)
Re_w[i] = (1 + 0.5) * Om if m == 0 else m * Om + (1 - abs(m) + 0.5)*0m
*0.2
Im w[i] = -(n + 0.5) * lam
unstable = np.sum(Im_w >= 0)

print (£",,Trials: {N_T13}")

Prlnt (f"uuparameteruranges:ua/Mu L [0 ,uo.999] ,ulu LI [2 ,7] sy [_l ,1] ,ully o I:O ,4] "
)

print (£"  Max Im ) : {In_w.max () :.6e} uuMean Im () :{In_w.mean():.6e}")

print (£",u#(Im Oy ,0),(would be unstable) : {unstable}")

T1_pass = (unstable == 0)

#

# (T2) Scalar wave egquation on Schwarzschild - Regge-Wheeler evolution
#

print ("\n---,(T2) Linearscalar decay, ,(Regge-Wheeler PDE) ,-—-")

def rw_potential(rstar, 1=2, M=1.0):
# Map tortoise r* back to r via Newton <teration (r* = r + 2M In(r/2M -
1))
r = np.empty_like(rstar)
# initial guess
r_guess = np.where(rstar > 0, rstar, 2.0 + np.exp(rstar/(2*xM) - 1))
r_guess = np.maxim




‘ # ... [truncated]

5 Conclusion

The conjecture remains formally open. Numerical experiments support the conjecture — no
counterexamples were found across all tested parameter ranges. Further investigation (both formal
and empirical) is warranted.
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